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1. Introduction

The main idea for this paper stems from physics. Some decade ago the second au-
thor and his colleagues found out that projective lines over finite rings have interesting
applications in physics, see e.g. [9,5]. When dealing with lines over rings of order less
than 32, it was noticed that in some cases such lines are not only naturally linked with
affine planes over certain finite fields, but the corresponding rings also feature free cyclic
submodules generated by non-unimodular pairs [10]. This paper focuses on projective
lines over rings of specific lower triangular matrices which provide the framework that
not only incorporates the most relevant physical cases, but also clarifies the so-far un-
noticed role played by non-unimodular free cyclic submodules. Throughout this paper
we introduce the family of projective planes built with the set of cyclic submodules of
the free left module 2T}, (q) for n = 2,3. A special role is played by non-unimodular free
cyclic submodules. Constructions of such projective planes are analogous for n = 2 and
n = 3, although in the latter case they are technically more difficult. We carry out any
such construction in the following steps:

1. We find and list all non-unimodular free cyclic submodules of 2T;,(q) (Theorems 1, 5).

2. We look for all non-free cyclic submodules of %T,,(q) not contained in any non-
unimodular free cyclic submodule of 2T}, (q). They are presented as q + 1 pairwise
disjoint sets (Propositions 1(b), 3).

3. We completely describe P (T, (q)). Its points are also presented as ¢ + 1 pairwise
disjoint sets (Theorems 2, 6).

4. We show that any submodule from step (2) is contained exclusively in some free cyclic
submodules of the respective set/subset points of P(T'(q))/P(T3(q)) (Theorem 2,
Proposition 4).

5. We form a point-line incidence structure as follows: its points are submodules from
step (2) and its lines are sets of points contained, as submodules, in exactly one
free cyclic submodule. This structure is found to be isomorphic to an affine plane of
order ¢ (Theorems 3, 7).

6. For any class of parallel lines of such affine plane we choose as a new point a cyclic
submodule contained in each line of this class such that all these new submodules
are contained in the same non-unimodular free cyclic submodules, which represent
a new line. These new points and the new line represent a unique projective closure
of the given affine plane (Theorems 4, 8).

The results of our paper provide not only a proper understanding of the above-mentioned
‘observations’ of physicists, but also point out novel intriguing connections between pro-
jective ring lines and affine/projective planes.
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2. Preliminaries

zi1 0 0 O

a1 I22 0 0
Let T, (q) be the ring of lower triangular matrices X = . . ) of
. . . O

Tnl Tp2 --- Tnn
order n > 2 with entries from the finite field F'(q) of order ¢ > 2. For n = 2, i.e., in the case
of the ring of ternions, we will use, as usual, the symbol T'(q) instead of T5(q). Let us put
F*(q) := F(q)\{0} and let T)*(q) stands for the group of invertible elements of the ring
T,.(q). The Jacobson radical of the ring will be denoted by J. Consider the free left module
T (q) over T,,(q). If (X,Y) € T, (q) then the set: T,,(¢q) (X,Y) = {A(X,Y); A € Tn(q)}
is a left cyclic submodule of 2T}, (q). If the equation (AX, AY) = (0, 0) implies that A = 0,
then T),(q)(X,Y) is free.

Remark 1. Obviously, a submodule T;,(q) (X, Y) C 2T, (q) is free if, and only if, its order
is ¢°», where S, =142+ - +n.

Additionally, such free cyclic submodule is generated exactly by |T,%(q)| elements of
the form U(X,Y), where U runs through all the elements of T:(q).

A pair (X,Y) € 2T,(q) is unimodular, if x;; # 0V y;; # 0 for any i = 1,...,n.
The projective line P(T,(q)) over the ring T,(q) is the set of all cyclic submodules
T,,(¢9)(X,Y), where (X,Y) € 2T,(q) is unimodular. We refer to [7,4] for definitions of
the unimodularity and the projective line in the case of an arbitrary finite associative
ring with unity.

It is well known that any unimodular pair generates a free cyclic submodule. Therefore
the projective line P(T},(q)) is the set of those free cyclic submodules of 2T},(¢) which
are generated by unimodular pairs. They are called unimodular free cyclic submodules
or points of P(T,,(q))-

Let us recall some of the most elementary facts of ordinary plane geometry.

Definition 1. An affine plane is a system of points and lines with an incidence relation
between the points and lines that satisfy the following axioms.

A1l Any two distinct points lie on a unique line.

A2 Given any line [ and any point P not on [ there is a unique line m which contains
the point P and does not meet the line [.

A3 There exist three non-collinear points. (A set of points Py,..., P, is said to be
collinear if there exists a line [ containing them all.)

An affine plane is denoted by (A, L), where A is the set of all points and L is the set
of all lines. A finite affine plane (A, L) (with a finite number of points) is of order n, if
there exists a line in L containing exactly n points. We say that two lines of an affine
plane (A, L) are parallel if they are equal, or have no point in common. To each set of
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mutually parallel lines we add a single new point incident with each line of this set. The
point added is distinct for each such set. These new points are called points at infinity.
We also add a new line, called the line at infinity, incident with all the points at infinity
(and no other points). The completion (or closure) (II,L) of an affine plane (A, L) is
defined as follows. The points of (II, L) are the points of A, plus all the points at infinity
of (A, L). A line in (II,L) is either

(a) an ordinary line [ of L, plus the point at infinity of I, or

(b) the line at infinity, consisting of all the points at infinity of (A, L).

The completion (II,1L) is a projective plane (see [3]). A finite projective plane (I, L)
is of order n, if there exists a line in I containing exactly n + 1 points.

3. Affine and projective planes associated with ternionic projective lines
An important role in our consideration will be played by pairs not contained in any

point of the projective line, so called, outliers (as first shown in [8], see also [6,10]). To be
more precise, we are interested in those outliers which generate free cyclic submodules.

Theorem 1. There are exactly q+ 1 free cyclic submodules of >°T(q) generated by outliers.

wolls e ool 2D

where k runs through all the elements of F(q).

These are:

Proof. In the light of [1, Theorem 1.2] all non-unimodular free cyclic submodules of
2T (q) are generated by outliers.

T21 T22 Y21 Y22
submodule of 2T(q) if, and only if, 92 = 722 = 0 and one of the four conditions is
satisfied: w11 = 0,y11 # 0,721 # 0 or w11 # 0,y11 = 0,21 # 0 or 211 # 0,y11 # 0,291 =
0,21 # 0 or z17 # 0,y11 # 0,221 # 0,y21 # xﬁlmglyu. Hence the total number of
outliers generating free cyclic submodules of 2T'(q) is (¢ — 1)?(¢ + 1)q and, according

A non-unimodular pair ([xu 0 ] , [yu 0 ]) € 2T(q) generates free cyclic

to Remark 1, any such submodule is generated by (q — 1)2¢ distinct outliers. Thus the
number of non-unimodular free cyclic submodules of 2T(q) is q + 1.

Simple calculations show that the listed non-unimodular free cyclic submodules are
pairwise distinct, what completes the proof. O

Remark 2. A non-free cyclic submodule of 27'(q) is one of the following forms:

1. oforderl:T(q)([g 8],[8 8]),
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2. of order ¢: T'(q) ([ 0 0 ] , l 0 0 ]), where pa1, P22, 721, 22 € F(q) and not
D21 D22 ro1 T2

all of them are zero;

3. of order ¢*: T(q)([o 01,[“1 81) with r17 € F*(q), r1 € F(q),

0 0 T21
pi1 O rip 0 N
T(q) , , where p;;1 € F*(g), un € F(q), and
0 0 0 O
pi1 0 0 0 pi1 O puiraipy; 0
T T h
(q) < Po1 0] ’ [0 0])7 (Q) <[p21 0 ) o1 0 , where pii, P21,
ra1 € F*(q).

Our focus will be on those of order gq.

Proposition 1. There are two types of cyclic submodules T(q) (P, R) C 2T(q) of order g,
1 0 0 0

namely
0 0 00 .
>, T(q) <|]<; 01 , [1 O])’ with k run-
ning through all the elements of F(q);

(b) with P ¢ JV R ¢ J; they form q + 1 pairwise disjoint sets:
o a single set (hencefort referred to as the first set)

(0 e

o g disjoint sets (k-sets)

fol(2 T2t

where, as above, k runs through all the elements of F(q).

(a) withP,ReJ.-T(q)([O 0]7 00

and

Proof. Let not all pa1,paes, 701,722 € F(q) be equal zero. By Remark 1, two pairs
0 0
, [ ]) generate the same cyclic sub-

0 0 0 0 0 0
pa1 Paz | |21 T22 ’ S21 S22 to1  too

module if, and only if, there exists u € F*(q) such that so1 = upor,to; = urag, S22 =

UPag, tag = urgs. Thus a cyclic submodule T'(q) <[ 0 0 0 0 of order ¢

)
P21 P22 T21 T22

is generated by ¢ — 1 distinct pairs. The number of all pairs 0 0 , 00 ,
pa1 O ror 0
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where po1,721 € F(q) and pa1 # 0Vray # 0 is g2 — 1, so the number of all cyclic submod-

ules generated by them is ¢ + 1. The number of all pairs ([ 0 0 1 , [ 0 0 ]),
P21 P22 T21 T22

where pa1, P22, 721,722 € F(q) and pag # 0V rag # 0 is ¢>(¢? — 1), thereby the number of
all cyclic submodules generated by them is ¢?(q + 1).

It is easy to check that submodules listed in part (a) and submodules in all sets of
part (b) are pairwise distinct which leads to the desired claim. O

A crucial property of submodules of type (b) is stated in the following result:

Proposition 2. Submodules of type (b) are the only non-free cyclic submodules of 2T(q)
not contained in any free cyclic submodule of *T(q) generated by an outlier.

Proof. Let a submodule T'(q) <[x11 0] , lyll 0 ) C 2T(q) be free, then the pair
a11Y11 0

z91 0 yo1 O
a11711 0
a1x11 + azewar 0|7 | aziyin + azeyar 0

<l 0 0 ] ) l 00 ]) if, and only if, a;; = 0, pa2 = 792 = 0, p21 = a21711 +
P21 P22 T21 T22

a22%21, T21 = A21Y11 + G22Y21, thus any submodule of type (b) is not contained in any

] ) is equal to the pair

non-unimodular free cyclic submodule, and any submodule of type (a) is contained in
all non-unimodular free cyclic submodules.

0 0 0 0
0 0|/’|0 O
ules of ?T(q). From Remark 2(3) it follows that the number of all pairs gener-

Of course, T'(q) [

1) C 2T(q) is contained in all cyclic submod-

ating cyclic submodules of 27T'(q) of order ¢ is q(¢> — 1) and any such submod-
ule is generated by ¢(q — 1) distinct pairs. Hence the number of all distinct cyclic
submodules of 2T(q) of order ¢? is (¢ + 1). By simple calculations we get that

(o o] [s o) (s 3] 1 §

ements of F(q), are all distinct cyclic submodules of 2T(g) of order ¢2. For any k € F(q)

)

> of 2T(q), respectively. It can be shown that these are the only

), where k£ runs through all the el-

1
they are contained in non-unimodular free cyclic submodules T'(g) ( l O] , lo 0

00|10
w([F )

possibilities for submodules of order ¢? to lie in non-unimodular free cyclic submodules
of 2T(q). According to Remark 2 there is no other non-free cyclic submodule of 2T'(q),

which completes the proof. O

Theorem 2. There are ezactly q(q + 1)? points of the projective line P(T(q)). They can
be presented as q + 1 following sets: the first set
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fofef Dwl(2 s momere}

and q k-sets

{T(Q)<li; Z]J>7T(Q)<lé 2]7ly21 2]);3}11,:&21,342161?(61)},

where k runs through all the elements of F(q), I denotes the identity matriz.
Any submodule of the first set of type (b) is contained exclusively in some free cyclic
submodules of the first set, and any submodule of the k-set of the type (b) is contained

exclusively in some free cyclic submodules of the k-set.

Proof. According to [2, Corollary 1] there are (g + 1)? unimodular free cyclic submod-
ules. It is easy to show that the above-listed sets of points of P(T'(q)) are pairwise disjoint
and each of them contains ¢ + ¢ distinct free cyclic submodules.

Let (lxn 0 1, y 0 ] € 2T(q) be a unimodular pair. Then the pair

T21 T22 Y21 Y22
anx 0 a 0 . .
H , 1 is equal to the pair
a21X11 + G22T21  G22T22 a21Y11 + G22Y21  G22Y22
0 O 0 O . . —
; if, and only if, a1 = 0, 722 € F*(q), ya2 = 0, as2 = 70y, P21 =
pa1 1 ra1 0
a21r11 + l‘2_21.1‘21, 721 = as1y11 + 1‘2_21y21, and similarly the pair
ainze 0 a 0
H , 1y is equal to the pair
21T11 + G22T21  G22T22 G21Y11 + G22Y21  Q22Y22

0
T2

b

[0 0

pa1 k
P21 = G21211 + y§21$217 ro1 = a21y11 + y{zlyzl.

Therefore any submodule of type (b) from a given set is contained in the corresponding

0 . . _ _
) 1]) if, and only if, a1 = 0,y20 € F*(q), aze = Yo', k = Yoy T2,

set of points of the projective line P(T(¢)). O

Corollary 1. Two  unimodular  free  cyclic — submodules  of the  form

T<q><l“”“ O, |y 0 )T@)([“’“ OH ODnthm
21 22 W21 W22 221 2292

7 Yo21 Y22
set of points of P(T(q)) if, and only if, xoo = waa, Yoo = 2a2.

Example 1. Let T(q)([l 0],[%1 0 ),T(q)(lxo ?],l(l) 8]) be points of
21
0 0 0 0

0 1 yo1 O
P(T(q)), T(q) e be  submodules of  type  (b).
D21 ro1 0
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_011 0 a11y11 0 0 0 0 0 . .
, = , if, and only if,
| az1 a2 a21y11 + azey2r 0 pa1 1 ro1 0

a;n = 0, azz = 1, az1 = pa1, T21 = payir + y21 for any pay € F(q), and

0 0 , azz 0 = 0 0 , 0 0 if, and only if, a;; = 0,
| G22T21 a2z az; 0 p21 1 ra1 0

29 = 1, ag1 = T21, P21 = T21 fOI‘ any ro1 S F(q) Hence

0 0 0 0 1 0 y11 O
T(q><[p21 1]’[p21y11+y21 0 )CT(q)<[O 1]7[921 0])’
0 O 0 0 0 0 1 0
o[ 3]s el 2] 3))

for any po1, 11, Yo1, 21,721 € F(q). By the proof of Proposition 2 these are the only

submodules of type (b) contained in the considered points of P(T'(g)).

Theorem 3. Let us regard cyclic submodules contained in the set

0 0 0 0
{T(q)<[p21 P22 lm mD,pzl,meF(q)},

where pas, oo are fixved elements of F(q) with pas # 0V 192 # 0, as points and free cyclic

submodules containing them as lines. These points and lines form a point-line incidence
structure isomorphic to the affine plane of order q.

00 00 ip21,721 € F(q) p. Suppose that
pa1 1 ro1 0O

,T(q) 0 0 00 are contained in the point
so1 1| |tar O

€ P(T'(¢)). By Example 1 this is equivalent to saying that

Proof. Consider the set { T'(q)

0 0 0 O
T(q)( D21 1] [7“21 0

1 0 y11 O
T(q) ,
0 1 ya1 O
P21y11 + Y21 = ro1 and so1y11 + Y21 = t21. Consequently (s21 — pa1)yi1 = to1 — r21. If
S91 = P21, then ty; = 7971, so the considered submodules are not distinct. If s # po1,

then y11 = (821 — P21) ' (ta1 — 721). Thus there exists exactly one y;; and exactly one

0 0 0 0
T . d .
) ,T(q) < So1 1] [tﬂ 0]) be contained in

0
0 € P(T(q)). By Example 1 this is equivalent to say-

y21 for fixed po1, 721, 521,21 € F(q).

0 O 0 O
Let now T
(@ ([Pm 1] [?"21 0

0 O 1
I2117O

the point T'(q)
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ing that ps; = s21 = x21. This shows that two distinct submodules of the considered set
are contained in exactly one point of P(7'(g)). By using results of Example 1 again we get

10 341106
0 1| |y O

) where ’rl217p21 € F(q)7

that any submodule of the considered set not contained in T'(q) (

P(T(q)) is of the form T(q) 0 0] 0 0

| P21 17| paayir +25 O
Ty # y21. We get also that elements of the first set of points of P(7(q)) which do
0 0 0

par 1|’ | P21y11 +y21 0

0
: [y” D where y, € F(q), Y3y # yo1.

not contain T'(q) for any ps1 € F(q) are of the form

T<q><[é "

Of course, exactly one of them, i.e., T(q)

y§1 0

(1)] , u O]) € P(T(q)) contains

1
0 xh, 0

o [

par 1| | paayin +ab, O

Let 221,y21 € F(q) and y21 #_xgl. In the same manner we get that there ex-
0 0

1
yor 11710 8 € P(T(q)), which contains the sub-

ists a unique point T'(q)

module T'(q) 00 ) 00 C ?T(q) and does not contain the submodule
Y21 1 ra1 0

T(q) (Lgl (1)] , [721 8]) for any ro1 € F(q).

z11 O y11 O
o1 1| |21 O

and any submodule T'(q) 00 oY
par 1| |72 O

To sum up, given any point 7'(q) € P(T(q)) of the first set

> C 2T(q), which is not contained in that

"1 O] , [y OD € P(T(q)),

zy 1 v O
which contains that submodule and does not contain any submodule of type (b), which

is contained in T'(q) ([i” (1)] , [y” SD e P(T(q)).
21 Y21

Suppose that the following three submodules: T(q) ([0 O] , lo O]),

0 1 0 0
wall ) o)

module T'(q) i; (1) , z; 8

point of P(T'(q)), there exists a unique point T'(q) <

0 0
0 0

9

) are contained in a free cyclic sub-

€ P(T(q)). Then there exist asy,ba1,c21 € F(q)

such that
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. a21211 + 221 = 0.
- a21y11 +y21 = 0.
. bo1x11 + w21 = 0.
cbo1yin +y21 = 1

. 21211 +x91 = 1.

S Ot s W N

. c21y11 +y21 = 0.

Thus (b21 - a21)x11 = O7 (bgl - a21)y11 = 1. Hence bgl §£ az1,r11 = 0 and
ro1 = —agxy; = 0. But then co1211 + 917 = 0, which contradicts equation
(5) and thereby it contradicts the assumption that the three above submodules
are contained in the same point of P(7(¢q)). It means that there exist three sub-

modules T'(q) ([ 0 O] 00

C 2T(q) not contained in the same point of
par 1| |ran O

P(T(q)). Moreover, any point P(T'(q)) of the first set contains exactly ¢ submodules

T(q) ( l 0 (1)] l 0 8] > C 2T(q), what follows from Example 1. We have just shown
P21 721

that all axioms of an affine plane are met for the considered set. By the same methods it
follows that submodules of type (b) from a given k-set and points of P(7T'(¢)) containing
them give an incidence structure isomorphic to the affine plane of order ¢. So, there are
altogether ¢ + 1 isomorphic affine planes of order ¢ linked with P(T'(¢)). O

Corollary 2.

1. Two unimodular free cyclic submodules generated by pairs
0 0 0 0

e , Y , wn , 1 represent lines of the
T21 22 Y21 Y22 W21 W22 221 222

same affine plane associated with P(T(q)) if, and only if, xog = waz, Y2z = 222.
2. Two wunimodular free cyclic submodules generated by pairs of the form

11 0 yuu O wip 0 z11 0
21 T22 ’ Y21 y22_ ’ w21  T22 ’ 221 Y22

class of parallel lines of an affine plane associated with P(T(q)) if, and only if,

) represent the same

T11 = W11, Y11 = 211-
3. Two wunimodular free cyclic submodules generated by pairs of the form

z11 0 yiu O 11 O yin 0
T21 T22 ’ Y21 Y22 ’ w21 T22 ’

represent distinct par-
221 Y22

allel lines of an affine plane associated with P(T(q)) if, and only if, xo1 # way or
Yo1 7 221-

This is, however, not a full story as it turns out that any of these affine plane can be
extended to the projective plane of order ¢ due to the fact that in 2T(g) there also exist
non-unimodular pairs generating free cyclic submodules.
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Theorem 4. Any affine plane of order q associated with P(T(q)) can be extended to the
projective plane of order q in the following way.
Consider the set of wunimodular free cyclic submodules generated by pairs
0 0
( i , il € 2T(q), such that x92,Y22 € F(q) are fived.
T21 22 Y21 Y22

1. For all such submodules, where x11,y11 € F(q) are also fized, a submodule

T(q) 00 , 00 C 2T(q) must be taken into account as a new point,
z11 O yi1 O

Y22 0 6!/220 0
account as a new line (0y,,0 denotes the Kronecker delta).

2. A free cyclic submodule T (q) 22 0] , l Y22 0]) C 2T(q) must be taken into

Points of the obtained projective plane are all cyclic submodules of order q of 2T(q)
contained in a given set of points of P(T(q)), and lines are these points of P(T(q)) and
the respective non-unimodular free cyclic submodule.

T21  T22 Y21 Y22
fixed, represent all lines of an affine plane associated with P(T'(q)).

1. A submodule T'(q) ([ 0 8] ,[ 0 8
T11 Y11

Proof. Points T'(q) 2 0 ] , [yu 0 ]) € P(T(q)), where z22,y22 € F(q) are

) C 2T(q) is contained in each submodule

Tor Toa || Y21 Y2o
a line of a given parallel class, and is distinct for each such class of an affine plane
associated with P(T'(q)).

T(q) <[x11 0 ] yu 0 € P(T(q)), which, by Corollary 2 (2), represents

2. By Proposition 2 and its proof T'(q) 22 0 , y2 0
y22 0 0yss0 O

> C 2T(q) contains

T(q) 00 , 00 C 2T(q) for all 11,911 € F(q) and it does not contain
z11 0 yin 0

any submodule of type (b), i.e. a new line (represented by a non-unimodular free
cyclic submodule) is incident with all new points (represented by submodules of
type (a)) and no other points. O

Summing up, cyclic submodules of order ¢ generated by pairs with both entries in
J are the points and any non-unimodular free cyclic submodule incorporating these
submodules is the line representing the unique projective closure of all affine planes
associated with P(7T(q)). Fig. 1 serves as an illustration of our findings for the case
q=2.
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Fig. 1. A visualization of all free cyclic submodules over T'(2) after [10]. The 18 free cyclic submodules
generated by unimodular pairs are represented by colored broken polygons, whereas those three generated
by non-unimodular vectors are represented by black curves. For the sake of simplicity, the matrices of T'(2)
are labeled by integers from 0 to 7 in such a way that J = {0,6} (for more details, see [8,10]). The three
affine planes are represented by the following set of points: {T°(2)(3,0),7(2)(3,6),T(2)(5,0),T(2)(5,6)},
{T(2)(3,3), T(2)(3,5), T(2)(5,3), T(2)(5,5)}, {T(2)(6, 3), T(2)(6, 5), T(2)(0, 3), T(2)(0, 5)} and two parallel
lines have the same color; the closure line comprises the submodules T'(2)(6,0), T'(2)(6,6) and T7'(2)(0, 6).
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

4. Affine and projective planes associated with P(75(q))

Theorem 5. There are ezactly (¢ + 1)?(2¢*> + q + 1) free cyclic submodules of 2T3(q)
generated by outliers. They can be presented as q + 1 sets: the first set and q k-sets,
where k € F(q).

The first set consists of submodules generated by pairs:

1 0 O 0O 0 O 1 0O O 0O 0 O
0O 0 Oof,|1 0 O , O 0 Of,|]1 0 O ,
0 =32 1 0 w32 Y33 0 z32 0 0 w32 1
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1 0 O 0O 0 O 1 0 0 0 0 O
0O 0 O0f,]1 0 O , 0 0 O],|1 0 O ,
0 x320 O 0 1 0 0 1 O 0 0 O
1 0 0 0 0 0] 1 o]l o o o]
01 0],y wya2 O ) 0 1 O0|,[y21 w22 O )
00 0| [ygsn 1 0 0 0 0 1 0 0
100 0 0 0] (1 0 0] o o0 o0
0 0 O0],[ya 1 O , 0 0 O,y 1 O ,
0 1 0 ys1 0 O 0O 0 O 1 0 0
where T32, Y21, Y22, Y31, Y32, Y33 € F(q);
Each of k-sets consists of submodules generated by pairs:
E o o | [t o o [k 0o o] [1 o o
1 0 O 10 0 O , 1 0O O0f,]0 O O ,
0 x32 233 | |0 w32 1) |0z 1 0 y32 O
E ool [t o o] [k 0 o] [1 0 0
1 0 0f,]0 O O , 1 0 0], 0 0 ,
0 1 0 0 y32 O 0 0 O 0 1 0
& 0o o] [t o o] k0 o] [1 0]
To1 w2 0,10 1 O ) To1 w22 0, 10 )
T3] 1 0 0 0 0 1 0O O 0 0
L 0o o]l [1 0 0] [k 0 0] [1 0 0
xz01 1 O],10 0 O , 01 1 O],10 0 O ,
xz31 0 O 0 1 0 1 0 0 0 0 O

where x21, T22, 31, 32, 233, Y32 € F(q).

Proof. In the light of [1, Theorem 1.2] all non-unimodular free cyclic submodules of
2T3(q) are generated by outliers.

zi1 0 O i 0 0
A non-unimodular pair To1 T2 O s y21 w22 O € 2T3(Q) generates
r31 T32 X33 Y31 Y32 Y33

free cyclic submodule of 2T3(q) if, and only if, 722 = y22 = 0 or @9a = yao = 0 and one
of the following conditions is satisfied:

1. 11 =0,y11 # 0 and
(a) To2 = y22 = 0,291 # 0,032 #0V 233 0V yz2 # 0V ysz3 # 0, or
(b) @22 = 0,y20 # 0,231 # T21355 T2 V (T31 = T21Ya3 Y32 A T32 # 0), or
(c) @2 # 0,00 = 0,231 # T21%55 T32 V (T31 = T21255 T3z A ya2 # 0), or



390 E. Bartnicka, M. Saniga / Linear Algebra and its Applications 586 (2020) 377-409

(d) 22 # 0,y20 # 0,32 # Ta2ygy Yz2 V (T32 = T22Voy Y32 A T31 7 T21Yas Y32)-
2. 11 # 0,911 = 0 and
(a) a2 = Y22 = 0,21 # 0,232 # 0V 233 # 0V yza # 0V yz3 # 0, or
(b) a2 = 0,920 # 0,Y31 # Y21Ys Y32 V (Y31 = Y21Yan Y32 A T3z # 0), or
(c) @z # 0,920 = 0,31 # Y2125 32 V (Y31 = Y21255 T32 A Y32 # 0), or
(d) 22 # 0,y20 # 0,32 # Tooyss Y32 V (T32 = To2yoy Y3z A T31 7 To1Yss Y32),
3. 11 #0,y11 # 0 and
(a) Tap = Yoo = 0,21 # T11Y11 Y21, OF
(b) @22 = 0,122 # 0,232 # OV (232 = 0AZ31 # 21197, Y31+ (P21 — 2111, Y21) Y20 ¥s2)

or

(c) @22 # 0,20 = 0,32 # OV (Y32 = 0AZ31 # T11Y17 Y31+ (T21 —T11Y17 Y1) T3 T32),
or

(d) @22 # 0,20 # 0,232 # T2y Y32 V (T32 = T22yam Y32 ATz1 # 11957 Y31 + (221 —
$11y1_11y21)yg_21y32)-

Hence the total number of outliers generating free cyclic submodules of 2T3(q) is (¢ —
1)3¢%(q¢ +1)%(2¢®> + ¢ + 1). Remark 1 implies that any such submodule is generated by
(g — 1)3¢? distinct outliers. So the number of non-unimodular free cyclic submodules of
°T3(q) is (¢ +1)*(2¢* + g + 1).

By using Remark 1 again and multiplying outliers by all invertible matrices of T5(q)
from the left we get immediately that the listed non-unimodular free cyclic submodules
are pairwise distinct. O

Just as in the case of ternions, we are interested in non-free cyclic submodules not
contained in any free cyclic submodule generated by an outlier.

Proposition 3. There are exactly (q + 1)2¢° non-free cyclic submodules of 2T3(q) not
contained in any non-unimodular free cyclic submodule of ?T3(q). They can be presented
as ¢ + 1 sets having ¢> + q subsets each.

The first set consists of q° subsets of the form

0 0 O 0 0O O
T3(q) pa 1 Of,|rar 0 O D21, P31, 721,731 € F(q) ¢,
pa1 0 1 31 T32 T33

where 32,133 run through all the elements of F(q), and q subsets of the form

0O 0 0 0 0 O
Ts(q) pa1 1 Of,|rer 0 O iD21,D31,721,731 € F(q) ¢,
p31 0 O r31 T3z 1

where 135 Tuns through all the elements of F(q).
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Each of q k-sets, where k € F(q), consists of ¢> subsets of the form

0 0 O 0O 0 O
T3(q) pa1 kO yrer 10 1p21, P31, 721,731 € F(q) ¢,
D31 P32 P33 rz33 0 1

where psa, pss run through all the elements of F(q), and q subsets of the form

0 0 O 0 0 O
T3(q) par k O|,[7re1r 1 O ;P21,P31, 721,731 € F(q) ¢,
P31 p32 1 r33 0 0

where psa runs through all the elements of F(q).

Proof. It is easy to show that subsets specified in the assertion are pairwise disjoint and
any of them contains ¢* distinct pairs.
Suppose now that T3(q) (X , Y) C 2T3(q) is a free cyclic submodule containing a sub-

0 0 0 0 0 0
module generated by a pair pear 1L Of,|ro1 O O . Then x17 # 0Vy11 #0
ps1 0 1 T3l T32 T33

and there exists A € T5(q) such that

11211 0 0 0 0 0
21711 + G22%21 2222 0 =|pa 1 0],
a31711 + a32T21 + a33T31  A32T22 + A33T32  A33T33 pa1 0 1
a11211 0 0 0 0 O
a21y11 + a22Yyo1 a22Y22 0 =|raa 0 O
a31Y11 + a32Y21 + a33Ys1  a32yY22 + a33Ys2  a33Y33 T31 T32 T33

Hence x92 # 0 and x33 # 0, so the pair (X, Y) is unimodular. By the same
methods it follows that all remaining specified submodules are not contained in any
non-unimodular free cyclic submodule. We will show now that any other non-free
cyclic submodules of 2T3(q) is contained in some free cyclic submodule generated by

an outlier. Of course, paa = 192 = 0 or ps3 = rz3 = 0 for all pairs (P,R) =
P11 0 0 11 0 0
P21 pa2 O s ro1 122 O € 2T3(q) generating these non-free cyclic sub-
P31 P32 P33 T31 T32 T33

modules. Below we consider all the cases of such pairs (P, R), giving also the matrix
A € T3(q) and the outlier (X,Y) € 2T3(q) generating a free cyclic submodule such that
A(X,Y) = (P,R).

1. p11 # 0; 1.1 poo = 190 = 0;
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1.1.1. p3o A0V 33 Z0Vrsg £ 0V sz # 0, 721 = poipyy i1;

P11 0 0
A= |pn 0 0],
P31 —psipii T Fran 1
1 0 0 pirin 0 0
x,v)=|]o o o |, 1 0 o ;
0 p32 P33 0 r32  T33

1.1.2. p3o = p33 = r32 =133 = 0;

P11 0 0
A= |po —papiriit+ra 0],
P31 —Tzpririi+ran O
1 00 pirin 0 0
XY)=|[lo o ol.,] 1 o ol]:
01 0 0 0 0

1.2. pas # 0, p33 = ys3 = 0, 731 = pa1py'T11 + P3aPas (Ta1 — P21pyy T11), T32 =
P32P§21T22;

P11 0 0
A= |pa 1 01,

P31 P32Pay O

1 0 0 piiri 0 0
(X,Y) = 0 p22 Of, —p21p1_117"11+7"21 rog 0 ;
0O 0 O 0 1 0
1.3. peo = 0,720 # O,pa3 = 733 = 0,p32 = 0,731 = p31piy r11 + r32ray (121 —
-1 .
—P21P11 T11)7
P11 0 0

A= |pa 1 0],

P31 Taarey O
1 00 P 0 0
(X,Y) = 0 0 0|,|—pupiirin+7roar 7122 0 ;
0 1 0 0 0 O

2. p11 = 0,711 # 05 2.1 pap = 722 = 0;
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r1 0 0 0O 0 O 1 0 0
A=|rm 0 0|, xy)=||1 0o o [,]o 0o o0 :
r31 p31 1 0 p32 p33 0 732 733
2.1.2. p33 = p33 =13z =133 = 0;
r1 0 O 0 0 O 1 0 0
A= 1r21 pa 0], (X)Y) = 1.0 0],{0 0 O ;
r31 p31 0 0 00 01 0
2.2. pog # 0,p33 = 733 = 0,31 = P32Pay P21, 732 = D32Pas T22;
11 0 0 0 0 O 1 0 0
A= |rn 1 0], (X,Y) = P21 P22 0,0 7a2 O ;
31 Pp3aPys O 0 0 0 0 1 0
2.3. oy = 0,792 # 0,pa3 = 133 = 0, p32 = 0,31 = 732799 Po1;
11 0 0 0O 0 O 1 0 O
A= |ry 1 0f, (X,Y) = par 0 O0],]0 79 O ;
31 T3ar9y 0 0 10 0 0 0
3. p11 =711 =0; 3.1 pag = 122 = 0;
3.1.1. p32 #0Vp33 #0Vray #0Vrss #0;
0 0 O 1 0 O 0 O
A= |pa ra1 Of, (X,Y) = 0 0 0 11 0 0 :
p31 0 1 0 p32 P33 T3] T32 T33
3.1.2. p3z = p33 =r3z =133 = 0;
0 0 O 1 0 O 0O 0 O
A= |py 11 O}, (X,Y) = 00 Of,]|1 0 O ;
p31 131 O 010 0 00

3.2. pao # 0,p33 = 733 = 0; 3.2.1. 731 # P32Poy 721 V T32 # PaoPon T22;

0 0 0
A= P21 1 0],
P31 Pa2bay 1
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1 0 O 0 0 0
(X,)Y) = 0 p Of, To1 T2 0
0 0 0 —D32PysT21 + 731  —P32Pas a2 + 732 0

1 1. .
3.2.2. 131 = p3apes T21, T32 = P32P9s T22;

0 0 0 1 0 O 0 0 O
A= |pn 1 0], (X,Y) = 0 pa2 O0),|7r21 122 O ;
P31 D3aPyy O 0 0 0 0 1 0

3.3. a2 =0, 792 # 0, pa3 = 133 = 0; 3.3.1. paa # 0V 131 # 139759 To1;

, T21 rog 0

—1 .
3.3.2. p32 =0, 131 = 132755 T21;

0 0 0 1 0 0 0 0 0
A= P21 1 0], (X, Y) = 0 0 Of,|7r21 7re2 O . 0O
P31 7“327“2_21 0 01 0 0 0 0

Theorem 6. There are exactly (q+1)3¢> points of the projective line P(T3(q)). They can
be presented as q + 1 sets consists of ¢*> + q subsets each:

o a single set, referred to as the first set, consists of:
— ¢? subsets of the form

{T3(q)(X",Y), T5(q) (X, Y"); 221, 231, 411, Y21, y31 € F(q) }, where

1 0 0 yn 0 O
(X'Y)=[]0 1 0|,|yn 0O 0 ;
0 0 1 Y31 Y32 Y33

0O 0 O 1 0 O
(X,Y)=]|2z21 1 0|,|0 0 O
z31 0 1 0 w32 Y33

and Y32, yss run through all the elements of F(q);
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— q subsets of the form

{T?)(Q)(X,ay)aTgv(Q)(Xv Y/) T21,731,Y11, Y21, Y31 € F } where
1 0 0 yv1 0 O
(XI, Y) = 0 1 0 s | Y21 0 0 ,
0 00 Y1 ys2 1
0 0 O 1 0 0
()(7 Y’) = T21 1 0 B 0 0 0
31 0 0 0 Y32 1

and yso runs through all the elements of F(q).
o g k-sets, where k € F(q); each of them consists of:
— ¢2 subsets of the form

{T5(q)(X,Y"), T5(q) (X", Y); 211, w21, @31, Y21, Y31 € Flq)}, where

r11 0 O 1 0 0
(X,Y)=|]a2a k 0O |,]0 1 0]],

T31 r32 I33 0 0 1

1 0 0 0 0 O

(xX'Y)y=[]10 k& 0 |,|yn 1 O

0 =32 w33 ys31 0 1

and x32, 33 run through all the elements of F(q);
— q subsets of the form

{T3(9) (X, NX',Y); 211, %21, 231, Y21, y31 € F(q)}, where
z;1 0 O 1 0 0
x21 k Of,][0 1 O ,
( r31 T3z 1 0 0 O
0 0 O
sy 10
( 0 z3 y31 0 O

and x39 runs through all the elements of F(q).

Proof. The number (¢ + 1)3¢3
directly from [2, Corollary 1].

Let T,,(¢)(X,Y), T(q)(W, Z) € P(T,,(q)), then Remark 1 implies that

T()(X,Y) = Tu(@(W.2) = N\ V

Ti4,Yii €F7(q); uis €F*(q)
i=1,...,n

of unimodular free cyclic submodules of P(T5(q)) follows

Ui = Wig N Ugilis = Zii-
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Furthermore, usok = [ and ugel = 1 if, and only if, uss = 1 and k = [. These two facts
exclude the possibility that points of P (75(q)) in two distinct subsets are the same. Thus
the listed (g4 1)2q subsets of points of IP(73(q)) are pairwise disjoint. Moreover, by using
Remark 1 again we get that two points T5(q)(X,Y), T3(q)(W, Z) € P(T3(q)) of the same
subset are equal if, and only if, they are proportional by the identity matrix, equivalently
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(X,Y) = (W, Z). So, each of the listed subsets contains ¢?(g + 1) distinct points.

Corollary 3. Two unimodular free cyclic submodules

T3(q)

T3(q)

0 O
X992 0
Z32 33

0 O
W22 0
w32 Wss

Y11
Y21
Y31

211
221
231

Y22
Y32

0
222
232

Y33

0
0

233

€ P(T3(q)),

€ P(T3(q))

are in the same set of points of P(T3(q)) if, and only if, was = Tag, 222 = Y22.

Two unimodular free cyclic submodules

T5(q)

T3(q)

are in the same subset of points of P(T3(q)) if, and only if, wss = x32, w33 = T33, 232 =

Y32, 233 = Y33.

Proposition 4. Let

Ts(q) (P, R) = Ts(q)

be a non-free cyclic submodule not contained in any non-unimodular free cyclic submodule

of ?Ts(q), and let

T11

Ts(q)(X,Y) = Ts(q)

0 O
X292 0
Tr32 T33

0 O
I22 0
W32 W33

0

D21
Pp31

T11
T21
T31

0

P22
D32

0
22
€32

0
0

P33

0
0

Z33

)

0 O
yo2 O
Y32 Y33

0 0

y22 O

232 233

9

0
21
31

Y11
Y21
Y31

0
T22
32

0

Y22
Y32

€ P(T5(q)),

€ P(T(¢))

0
0 C 2T3(Q)7

733

0
0 € P(T5(q)),

Y33
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where (X,Y) is of the form as in Theorem 6. T3(q)(P, R) C Ts(q)(X,Y) if, and only
if, all of the following conditions are met:

1. T2 = p22,®32 = P32, T33 = P33, Y22 = T22,Y32 = 732, Y33 = T33;
2. To1 = po1 — T21%11,T31 = P31 — %11 Yy =1, y21 = y31 = 0;
3. Y21 =721 — P21Yi1, Y31 =31 — P31yl f 11 = 1,221 = 231 = 0.

Proof. Let (X,Y) € 2T3(q) be a unimodular pair.
Suppose that T5(q) (P7 R) C T5(q) (X, Y). Equivalently, there exists a matrix A =
a;z 0 O
as asy 0 € T5(q) such that A(X,Y) = (P, R).

azi1 asz2 as3

0 0 0 0 0 0
If T5(q)(P,R) =T5(¢) | |p2r 1 Of,|7r2x 0O O , then yog = 0, 92,733 €
ps1 0 1 T3l T32  T33

F*(q) and a9 = x2_21, a3z = x3_31. By Theorem 6 we can put on xos = x33 = 1,235 = 0.
Therefore r3o = asayos + a33y32 = Y32,733 = a33y33 = Y33. In the same manner it can
be shown that w22 = pa2, T32 = P32, 233 = P33, Y22 = T22,Y32 = 732, Y33 = 733 in all other
cases of non-free cyclic submodules of 2T3(q) not contained in any non-unimodular free
cyclic submodule of 2T3(q).

In the light of Theorem 6 we can consider two cases of T5(q) (X , Y):

1. xr11 = 171‘21 = I31 = 0, then A(X,Y) = (P,R) < a1 = aza = 0,(122 = das33 =

1,a21 = p21,a31 = P31, Y21 = T21 — P21¥Y11, Y31 = T31 — P31Y11;
2. y11 = 1,991 =y31 =0, then A(X,Y) = (P,R) S a1y =age = 0,00 =azz =1,a91 =

721,031 = 731,221 = P21 — 721211, L31 = P31 — 3111 O

Corollary 4. Let

0 0 O 0 0 0
T3(q) (P, R) = Ts(q) p21 pa2 O v T2 T2 O C *Ts(q),
P31 P32 P33 31 T32 T33

be a non-free cyclic submodule not contained in any non-unimodular free cyclic submodule
of 2T3(q).

11 0 0 yu 0 0
Two elements Tg(q)(X,Y) = T3(q) Tor Too O Y21 w22 O s
r31 T32 T33 Y31 Y32 Ys3
g 0 0 ] [y 0 0
T3(q)(X’,Y’) = T3(q) xhy xe2 0 ol Y51 w22 O of the fized subset of
T3 T3z X33 _yé1 Y32 Y33
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points of P(T3(q)), where (X,Y), (X',Y") are of the form as in Theorem 6, have no
submodule T3(q) (P, R) in common if, and only if,

1 0 0
e X=X"=|0 x99 0
0 z32 w33
1 0 0
e Y =Y'=1[0 yp 0
0 ys2 yss

Example 2. Let y32, y33 be fixed elements of F(¢) and A =

aill 0 0
az1 az 0
azp asz2 as3

of T5(q). Choose the subset of points of P(7T5(q)) of the form

{T5(0)(X',Y), T5(q) (X,Y"); 221, 231, Y11, Y21, ¥31 € F(q)}, where

1 0 0 Y11
0 1 0f, |y
001 Y31
[0 0 0 1
T21 1 0 5 0
I31 0 1 0

[0 0 0 |
T21 0 O

31 Y32 Y33

0 0 |

0 0 ,
Y32 Y33 |

0 0 |

0 0

Y32 Y33 |

& ayr = azz = 0,a22 = as3

(21 = P21, G31 = P31, Y21 = Pp21y11 + Y21, 731 = paryi1 + ys1 and pay,par € Fg).

(X',Y) =

(v =
[0 0 o]

A(X/,Y) = D21 10 )
p31 0 1
0 0 O

A(X’Y,) = b21 10 )
pa1 0 1]

0 0 0
T21 O 0
31 Y32 Y33 |

& a1 = azz = 0, a2 = ass

a1 = T21, A31 = 731, P21 = T21, P31 = T31 and 31,731 € F(Q) Hence

0 0 0 0 0 0
T5(q) | {par 1 Of,|payin+yar 0 0O C ?T3(q) (X, Y),
ps1 0 1 DP31y11 T Ys1 Ys2  Ys3
0 0 0 0 0 O
Ts3(q) | |21 1 Of,|721 O O C *T3(q)(X,Y”)
xz1 0 1 T31 Y32 Y33

for any pa1,p31, Y11, Y21, Y31, Y32, Y33, T21, T31, 21, T'31, Y32, Y33

€ F(q).

yn 0 O

Y'=1lyy y2 0 |, andysy # yo1 Vys # ys1, or
Y31 Ys2 Y33 i
1 0 0 ]

X'= |2 =z 0 |,andxh # xo1Vxh # T31.
I;'n T32  I33 |

be a matrix

According to

Proposition 4 these are the only non-free cyclic submodules of 2T3(q) not contained
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in any non-unimodular free cyclic submodule of 2T3(q) and contained in the considered
points of P(T(q)).

Theorem 7. Let

0 0 O 0 0 0
A = (T5(q) P21 w22 0 s |21 ya2 O ;31,731 € F(q) ¢,
P31 T32 I33 31 Y32 Y33

where pa1, Taa, T32,T33, 721, Y22, Y32, Yss are fixzed elements of F(q), be contained in a
subset of mon-free cyclic submodules not contained in any non-unimodular free cyclic
submodules, and let us regard its elements as points and free cyclic submodules contain-
ing them as lines. These points and lines form a point-line incidence structure isomorphic
to the affine plane of order q.

0 0 O 0 0 0
Proof. Let Ts(¢)(P,R) = Ts(q) P21 Too O sl 721 ya2 O and
| P31 732 T33 31 Y32 Y33
0 0 0 [0 0 0
T3(q) (S’7 V) = T3(q) S$91 Toa O , | var ye2 O be any two distinct sub-
§31 T332 33 | V31 Y32 Y33
modules of A. Assume that they both are contained in the point
1 0 O yp 0 O
T3(q) 0 zoo O s ly21 w22 O € P(T3(q)). By Proposition 4 we obtain:
0 32 233 Y31 Ys2 Y33

To1 = P21Y11 + Y21, T31 = P31Y11 + Y31, V21 = S21¥11 + Y21, U31 = S31y11 + Y31. Hence
(rs1 — v31) = (P31 — S31)Y11. P31 # S31, 0 y11 = (P31 — s31) " (r31 — vs1). Therefore,
y11 is uniquely determined and so there are ys1,ys1. Similarly, we get that x11,z21, 31
are also uniquely determined in case of submodules T5(q)(P, R), T5(¢q)(S, V) contained

11 0 0 1 O 0
in the point T3(¢)(X,Y) = T3(q) Top Tog O , 10 yoo O e P(T5(q)).
T31 T32 T33 0 w32 33

We have just shown that any two distinct submodules of A are contained in exactly
one point of P(7T5(g)). Thereby axiom Al of Definition 1 is satisfied.

1 0 O yiz 0 O
Let T5(q)(X,Y) = T5(q) 0 z00 O sl ye1 w2 O be a fixed element of
0 32 233 Y31 Ys2 Y33

the set L of all free cyclic submodules containing elements of A. From Proposition 4 we
get:
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o an element of A not contained in the point T3(¢)(X,Y) is of the form

0 0 0 0 0 O
T3(q)(P, R') = Ts(q) P21 T2 O o | P21y +y21 Y22 O
P31 T32 T33 P31y11 + Y51 Y2 Y33

where y3, € F(q) and y3; # ys1;
e a point of L not containing any element of A contained in T5(q)(X,Y) is of the form

1 0 0 yiu 0 0
T3(q)(X,Y") = Ts(q) 0 @2 O s | Y21 Y22 O ;
0 w32 w33 Ys1 Y2 Y33

where y3, € F(q) and y5; # ys1;
« there is a unique point of the form 75(q)(X,Y"), which contains a fixed submodule
Ty()(P, '), namely

1 0 O ynu 0 O
T3(q)(X,Y') = Ts(q) 0 z22 O s y21 Y22 O
0 32 w33 Y Y32 Y33

We have just proved that axiom A2 of Definition 1 is satisfied for any

1 0 0 yp 0 O
T3(q) 0 mp O s Y21 w22 O € P(T3(q)).
0 w32 w33 Y31 Y32 Y33

Of course, the result is the same for any free cyclic submodule

zi1 0 0 1 0 0
T5(q) To1 Xz O , 10 yao O € P(T3(q)).
T3l T3z T33 0 ys2 yss
0 0 O 0 0 0
Assume that submodules Tg(q)< 0 x99 O s 0 gy O > of any set
P31 T32 X33 31 Y32 Y33
A such that p3; = 0,r33 = 0 (the first one), ps; = 0,r3; = 1 (the second one),
and ps; = 1,733 = 0 (the third one) are contained in the same free cyclic sub-
z11 0 O yn 0 O

module T3(q) To1 Tog O sl yor ye2 O € P(T5(q)). Then there exist

Tr31 T32 X33 Y31 Y32 Y33
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1. az1x11 + 231 = 0.
2. az1y11 +y31 = 0.
3. b31x11 + 231 = 0.
(L31,b31,031 S F(q) such that A 3 Hence (bgl - agl)xu = 0, (b31 -
4. b31y11 +ys1 = 1.
5. c31x11 + 231 = 1.
6. c31y11 +y31 = 0.
as1)y11 = 1. Consequently by # as1,211 = 0 and 231 = —az121; = 0. But then we get

es1211 + 231 = 0, which contradicts equation (5) and thereby it contradicts the assump-
tion that the above-given three submodules are contained in the same point of P (75(q)).
It means that for any set A there exist three submodules not contained in the same
point of P(75(q)), thereby axiom A3 of Definition 1 is satisfied. Moreover, any element
of L contains exactly ¢ submodules of A, what follows directly from Proposition 4. This
shows that any set A and the points of P(75(q)) containing elements of A give a point-
line incidence structure isomorphic to the affine plane of order ¢. So, there are altogether
¢>(¢ + 1)? mutually isomorphic affine planes of order ¢ associated with the projective
line P(T5(q)). O

The above considerations lead to the following results:

Corollary 5.

1. Two unimodular free cyclic submodules

zi1 0 0 11z 0 0
Ts(q) 21 x22 0 s | Y21 ya2 O )
| T31 T32 T33 Y31 Y32 Ys3
w00 21 00
T5(q) [ | w1 w2 O o721 222 O
| w31 w3z ws3 231 232 233

of P(T3(q)) represent lines of affine planes of the same subset if, and only if, wos =
T22, W32 = T32, W33 = T33, 222 = Y22, 232 = Y32, 233 = Y33.
This follows from Corollary 3 and Theorem 7.

2. Two unimodular free cyclic submodules

z;1 0 O vz 0 0
T3(q)(X,Y) = Ts(q) x21 T2 O s | y21 Y22 O ;
31 T32 33 Ys1 Y32 Ys3
w11 0 0 Z11 0 0
Ts(q) (W, Z) = Ts(q) w1 x22 0 s | z21 Y22 O

w31 T32 T33 231 Y32 Y33
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of P(T3(q)), where (X, Y), (VK Z) are of the form as in Theorem 6, represent lines
of the same affine plane if, and only if, there exist non-free cyclic submodules

0 0 O 0 0 O
T3(q) S21 @22 0 | 85 Y22 O ;
$31 T32 33 851 Y32 Y33
0 0 O 0 0 O

T3(q) s21 w22 O | 85 we2 O

/
U3zl T32 33 U3y Y32 Y33

of 2T3(q) not contained in any non-unimodular free cyclic submodule of *T5(q) such

that: 21 = p21 — T21%11,T31 = P31 — r31i®11 f yu1 = Liyar = ys1 = 0, yo1 =
To1 — P21Y11, Y31 = 731 — P31yi1 of 11 = 1,201 = 231 = 0, wa1 = P21 — ro1wi, w31 =
$31 — U31W11 Z'f 211 = 1,201 = 231 = 0, 201 = 7T21 — P21211,231 = ¥31 — 831211 Z'f

wip = 1,we1 = w31 = 0.
This follows from Proposition 4 and Theorem 7.
3. Two unimodular free cyclic submodules

zi1 0 O yu 0 O
Ts(q)(X,Y) = Ts(q) T21 T2 O v | Y21 y22 O )

T31 T32 33 Ys1 Y32 Y33

w11 0 0 Z11 0 0
Ts(q)(W, Z) = Ts(q) wa1 T2 0 s | #21 Y22 O

w31 T32 X33 231 Y32 Y33

of P(T5(q)) represent parallel lines of an affine plane if, and only if,

11 0 0 Y11 0 0
Ts(q) (W, Z) = Ts(q) xo1 wa2 O |, |yo1 ye2 O
w31 32 33 231 Y32 Ys3

They are distinct exactly if, ws; # x31 or 231 7 Y31-
This follows from Corollary 4 and Theorem 7.

Theorem 8. Any affine plane of order q associated with P(T5(q)) can be extended to the
projective plane of order q in the following way.
Consider the set of all submodules

zi1 0 0 ynu 0 O
T3(q) To1 a2 O s | Y21 w22 O € P(T5(q))
xr31 T32 I33 Y31 Y32 Y33
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representing lines of a given affine plane associated with P(T3(q)).

1. For all such submodules, where x11,T21,Yy11,Yy21 are fized elements of F(q), that is
to say for fized set of parallel lines of an affine plane, a submodule

0 0 0 0 0 0
T3(q) 0 0 0|,|]0 0 0f]c®n
zi1 0 0 yi1 0 O
must be taken into account as a new point, and
2. A free cyclic submodule
X292 0 0 Y22 0 0
T3(q) | |y22 0 O0f,|dymo 0 0 C *Ts(q),

0 b0 O 0 w2 O

where 6y,,0 stands for the Kronecker delta, must be taken into account as a new line.

z11 0 O yiu 0 0
Proof. Obviously, T5(q) To1 Too O sl yer w22 O € P(T3(q)) contains
T31 T32 33 Y31 Y32 Y33
0 00 0 0 O
T5(q) 0 0 O0|,] 0 0 0] ].By Corollary 5 (2 and 3) we get immediately
z11 0 0 yiu 0 0

that if unimodular free cyclic submodules

z11 0 O y1i1z 0 0
T3(q) T21 w22 O s y21 w22 O ;
r31 32 33 Y31 Y32 Ys3
w11 0 0 Z11 0 0
T3(q) wor T2 0 v | 221 Y22 O
w31  T32 X33 231 Y32 Ys3

represent non-parallel lines of an affine plane, then x1; # w11 or y11 # 211. According to
Theorem 6 we can assume that x1; = w13 = 1 or y17 = 211 = 1. Consequently each of sub-

0 0 O 0 0 0 0 0 O 0 0 0
modules T3(q) 0O 0 0,10 0O , T5(q) 0O O o0, 0 0O
Tr11 0 O Y11 0 O w11 O 0 Z11 0 0

of 2T3(q) contained in distinct sets of parallel lines of an affine plane meets one of the
two conditions: 11 = wi1 = 1, Y11 # 211 Or Y11 = 211 = 1,®11 # w11, so they are also
distinct. We have shown that any line of a set of parallel lines of an affine plane contains
the added new point and these new points are distinct for distinct sets of parallel lines.
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By Theorem 5 it suffices to consider two cases of non-unimodular free cyclic submodules

22 0 0 y22 0 0
Ts(q) Y22 0 0|,|8ymo O O C 2T3(q), namely x93 = 1,920 = 0 and
0 Jypo O 0 y22 O

Zo2 € F(q),ya2 = 1. It is easy to verify now that for any affine plane the added new line
contains all the new points. O

Theorem 9. Let us regard sets of parallel lines of affine planes associated with a subset of
points of P(T5(q)) as lines, and sets of points of such affine planes as points. These points
and lines form a point-line incidence structure, called a 2-affine plane, isomorphic to the
affine plane of order q. A point and a line of a 2-affine plane are incident if any element
of the set representing this point is contained in some element of the set representing
this line.

Proof. According to Corollary 5 (3) and Theorem 6, sets of parallel lines of affine planes
associated with a subset of points of P(T5(q)), i.e., lines of a 2-affine plane, are one of
the two following forms:

1 0 0 y1 0 O
T5(q) 0 @2 O s Y21 y22 O jys1 € F(g) ¢,
0 z32 w33 Y31 Y32 Y33 |
0 0 0 1 0 0 |
T3(q) xo1 T2 O ;[0 g2 O ;231 € F(q) s
T31 T32 T33 0 ys2 Ys3 |
where za1,911,y21 run through all the elements of F(q), 222 = 1,522 = 0 and

Z32, %33, Y32, Yss are fixed elements of F'(q) such that z33 =1V ys3 = 1; or

z11 0 O 1 0 O

T5(q) | {221 @22 O |, [0 w22 O ;231 € Fq) o5
Tr31 T3z T33 0 Y2 ys3
1 0 0 0 0 0 |

T3(q) 0 @2 0 s | Y21 Y22 O sys1 € F(q) ¢,
0 32 233 Ys1 Y32 Y33 |

where 211, Za1, Y21 run through all the elements of F(q), y2o = 1 and x93, x32, 33, Y32,
y33 are fixed elements of F(g) such that x33 = 1V y33 = 1. Then sets of points of such
affine planes, i.e., points of a 2-affine plane, are of the form

0 0 0 0 0 O
T3(q) P21 To2 O s |21 ya2 O ip31,131 € F(q) ¢,
P31 T32 X33 31 Y32 Y33
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where pa1, 791 Tun through all the elements of F(q).
Consider two distinct points

0 0 O 0 0 O
P={T3(q) | [ p21 ®22 O s 7m21 Y22 O 31,731 € F(q) ¢,
| P31 T32 T33 | | T31 Y32 Y33 |
o o o | [o o o ]
S =14 T3(q) S21 xa2 0 s v Y22 O ;831,031 € F(q)
| 31 T32 T33 | | U3l Y32 Y33 |

By Proposition 4 they are incident with a line [ if, and only if,

1 0 0 ynu 0 O
l=1=<1Ts(q) 0 2220 O s | Y21 y22 O sys1 € F(q) ¢,
0 w32 w33 Y31 Y32 Y33

where Y21 = 721 — P21Y11 = V21 — S21Y11, then roy — va1 = (P21 — 521) Y113
or

T11 0 0 1 0 0
=1y =< Ts(q) To1 T2 0 , [0 g2 O ;231 € F(q) ¢,
T3l T3z T33 0 ys2 ¥s3
where 91 = p21 — 7212711 = S21 — v21%11; hence, we get pa; — so1 = (7“21 - U21)CE11-

P # 5 < poy # s91 V 191 # va1, thus we can consider three following cases:

1. po1 = s91,7T921 # V21, then there exists a unique line

0 0 O 1 0 O
l=1y =< Ts(q) P21 x22 O , [0 ya2 O w31 € F(q) ¢ s
T31 32 33 0 w32 33

incident with P and S.
2. P21 # S21,T21 = V21, then there exists a unique line

1 0 O 0 0 O
l=1 =14 Ts(q) 0 z22 0 s |71 Y22 O sys1 € Fq) o,
0 z32 w33 Ys1 Y32 Y33

incident with P and S.
3. po1 # S21, 721 F V21, then [y consists of unimodular free cyclic submodules of P(T3(q))
generated by pairs
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10 0 (p21 — s21) 1 (r21 — v21) 0 0
0 z22 0 o | ra1 — po1(pa1 — s21) " H(ra1 —wa1) w2 O ,
0 x32 33 Y31 Y32 Y33

where y3; runs through all the elements of F(q), and Iy consists of unimodular free
cyclic submodules of P (7T5(q)) generated by pairs

(121 — v21) "t (p21 — s21) 0 O 1 0 0
p21 — 721(r21 — v21) "L (pa1 — S21) w22 O , 10 w22 O ,
31 T3z X33 0 w32 y33

where x3; runs through all the elements of F(q).
By using Proposition 4 again we get that [y consists of unimodular free cyclic sub-
modules of P(T5(q)) generated by pairs:

1 0 0 (pa1 — s21) " (r21 — va21) 0 O
0 zo2 O o | 721 — po1(po1 — s21) "M (ra1 —v21) ya2 O ,
0 w32 33 r31 — psl(p21 - 821)71(7“21 - U21) Y32 Y33

where ps1,731 run through all the elements of F(q), and Iy consists of unimodular
free cyclic submodules of P(T3(q)) generated by pairs:

(ro1 — v21) "t (p21 — s21) 0 O 1 0 0
po1 — r21(ra1 — va1) "H(po1 — s21) @22 O ;[0 ya2 O )
P31 — 731(r21 — va1) " (po1 — S21) T2 33 0 ys2 Y33

where p31, 731 runs through all the elements of F'(q).
Let (X3,Y1),(X2,Y2) be pairs generating element of I3 and ls, respectively. Matrix
(ra1 —v21) "t (p21 — s21) 0 0
A = | pog —r21(r21 —v21) " H(pa1 —s21) 1 0| leads to the equation A(Xy,Y7) =
ps1 — 731(ra1 — v21) H(p2r —s21) 0 1
(X2,Ys) for any pair (X7,Y7), and matrix

(p21 — 521)_1(7“21 — v21)
B = | 121 — p2i(pa1 — 821)_1(7“21 — v91)
r31 — p31(p21 — 821)_1(7“21 — v21)

o = O
= o O

leads to the equation B(Xs,Y2) = (X1, Y7) for any pair (X2, Y3). So, by the Remark 1,
l; = l9; consequently, there exists a unique line incident with P and S.

Thereby axiom A1 of an affine plane is proven.
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1 0 O yiz 0 O
Let I = < T5(q) 0 zo2 O sl o1 w2 O ;ys1 € F(q) p, be a fixed set of
0 32 233 Y31 Ys2 Y33

parallel lines of an affine plane associated with a subset C of P(T3(q)). From Proposition 4
we get:

« a set of points of any affine plane associated with C' such that their elements are not
contained in any element of [ is of the form

0 0 O 0 0 0
P = {T5(q) D21 T2 O s re1 ya2 O ;31,731 € Fq) ¢,
P31 T32 T33 31 Y32 Y33

where 791 # Y21 + p21y11;

o aset I’ of parallel lines of an affine plane associated with C' such that any element of
" has nothing in common with any submodule not contained in a non-unimodular
free cyclic submodule and contained in some element of [, is of the form

1 0 0 ynp 0 O
I=9T5(q) | [0 222 O |,|ws w22 O ;ys1 € Fq) ¢,
0 w32 w33 Y31 Y32 Y33

where y5; # ya1;
e any element of the fixed set P is contained in some element of !’ if, and only if,
/
Yo1 # T21 — Py

So, for any line [ and any point P not on [ there is a unique line I’ which contains the
point P and does not meet the line [. The result is the same in the case of a set

11 0 0 1 0 0
=< Ts(q) a1 w22 O ;10 yoo O w31 € F(q) ¢,
T31 ¥32 33 0 w32 ys3

of parallel lines of an affine plane associated with P(75(q)). So, axiom A2 of an affine
plane is satisfied.

Assume that elements of sets

0 0 0 0 0 O
T3(q) 0 x00 O y 1 0y O ip31,731 € F(q) ¢ s
P31 T3z T33 T3l Y32 Y33
0 0 0 0 0 O
T3(q) 0 00 O 11 oy O ;31,731 € F(q)

P31 T32 T33 31 Y32 Y33
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of points of affine planes associated with subset C of P(T5(q)) are contained in elements
of the same set [ of parallel lines of an affine plane associated with C. By Proposition 4
we get immediately that

0 0 O 1 0 O
=< Ts(q) 0 x22 O ;[0 g2 O ;x31 € F(q)
31 32 T33 0 w32 w33
and elements of the set
0 0 O 0 0 0
T3(q) 1z O , 1 0y O ;31,731 € F(q)
P31 X322 X33 r31 Y32 Y33

of points of an affine plane associated with C' are not contained in elements of /. It means
that axiom A3 of an affine plane is satisfied.

Moreover, elements of any set of parallel lines of an affine plane associated with subset
C of P(T5(q)) contain g sets of points of affine planes associated with C, what follows
directly from Proposition 4. So, there are altogether ¢(g+1)? mutually isomorphic 2-affine
planes of order q. O

Fig. 2 serves as a visualization of the structure of a 2-affine plane of order three.
5. Concluding remarks

Although we studied in detail only the case of n = 2 and n = 3, it represents no
difficulty for the interested reader to readily adjust our lines of reasoning to the case of
arbitrary n. In the future we also plan to analyse other similar types/classes of finite
associative rings with unity, in particular those exhibiting non-unimodular free cyclic
submodules whose ‘homomorphic’ images are projective lines themselves.
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Fig. 2. A pictorial representation of the affine plane of order three (left) and its 2-affine counterpart (right).
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