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Abstract. This paper describes a numerical simulation model of motion of
moonlets in binary and multiple asteroid systems. Gravitational accelerations
produced by the primary body, its moonlets, the Sun, the Moon, and eight
major planets are accounted for in this model. The asymmetry of the primary
and the effects of solar radiation pressure on the moons in asteroid systems are
also factored in. To run the numerical simulation, we adopted the orbital state
vectors of celestial bodies from the numerical theory. Using Keplerian orbital
elements of the primaries of asteroid systems, we determined their heliocentric
positions. Differential equations of motion of celestial bodies in asteroid systems
were solved in the asteroid-centric Cartesian reference frame by the Everhart
15th-order method of integration. The verification and validation of the simu-
lation model have been performed for three asteroid systems, namely (136617)
1994 CC and (87) Sylvia, which belong to the near-Earth and main belt popu-
lations, respectively, and (136108) Haumea, which is a trans-Neptunian object.
These are three asteroid systems of almost 300 small Solar-system bodies with
discovered moons which are known to date. All six Keplerian orbital elements
determined with reasonable accuracy are available for all asteroid moons.
Key words: N-body simulations — minor planets — asteroids

1. Introduction

Different methods for numerical integration of equations of motion of celestial
bodies have been developed and applied to solve a variety of problems of celes-
tial mechanics. A good few authors are currently presenting various numerical
models for integration of equations of small-body motion. One of these authors,
Sverre J. Aarseth, in his book ”Gravitational N-Body Simulations” (Aarseth,
2003) discusses different procedures of numerical integration in the Solar Sys-
tem, circumstellar environment, the Galaxy and interstellar medium. The book
also describes all possible options for the integration step size control, as well
as different integration methods.

With regard to multiple asteroid systems, their numerical models tend to
consist of two, three or more bodies with allowance for the primary’s oblateness.
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An asteroid system is a system of two or more gravitationally bound small Solar
system bodies orbiting around their common centre-of-mass. We have simulated
three of the most interesting asteroid systems which are best known from both
ground-based and space-based surveys.

The first asteroid system among those investigated by the authors is (136617)
1994 CC, which belongs to the Apollo group of near-Earth objects. It is note-
worthy for its high eccentricity, which is above 0.4 (Table 3); its orbit intersects
those of the Earth and Mars. A group of researchers headed by Marina Bro-
zovic discovered the triplicity of this asteroid based on the radar observations in
2009 (Brozovic et al., 2011). Soon after, Fang et al. (2011) presented the model
of motion of the asteroid moonlets with allowance for the primary’s oblateness
(Jo = —Cop = 0.014+0.383) over a time span of 300 days. Jo = —Cyg is the sec-
ond coefficient of decomposition in terms of spherical functions of the asteroid
gravitational potential.

The second system among those investigated by the authors is the main-belt
triple asteroid (87) Sylvia. Its first moon Romulus was discovered in 2001, and
the second are Remus was discovered in 2004 (Marchis et al., 2005). Fang et
al. (2012) reported the results of the implementation of the same model as that
one used for the asteroid system (136617) 1994 CC, where the oblateness of
the primary was also factored in (Jo = —Co = 0.54925 £ 0.45075). The short-
term (50 years) and long-term (1 Myr) simulations of the asteroid dynamics
were performed (to determine fluctuations of the orbital elements with time
and assess the stability of this three-body system).

Berthier and co-authors (Berthier et al., 2014) in their work suggested that
the shape of Romulus could be elongated due to the tidal forces from the elon-
gated and spinning primary; they supplemented the model with the primary’s
oblateness Jo = —Cao = 0.02470515.

These two asteroid systems were investigated by Yu Jiang and co-authors in
2016 (Yu Jiang et al., 2016); having adopted newer data, the authors performed
a numerical simulation of the orbital evolution of the moonlets in asteroid sys-
tems (136617) 1994 CC and (87) Sylvia over a time span of 550-1000 days by
integrating the equations of motion using the 7t /8!"-order Runge-Kutta and
Gauss-Jackson methods. The simulation model used in this study included mu-
tual gravitational potential between the components and perturbations due to
an irregular shape of the primary; the dynamics of the asteroid systems was
investigated by considering the gravitational potential, static electric potential
and magnetic potential as well.

The last asteroid system among our target ones is (136108) Haumea. It is
classified as a plutoid, trans-Neptunian object and a dwarf planet. Two moons
orbiting Haumea, namely Hi’iaka and Namaka, were both discovered in 2005,
specific feature of these moonlets is that they both follow a retrograde orbit
around the primary body. Ragozzine and Brown (Ragozzine & Brown, 2009)
carried out an in-depth study of this asteroid system using precise relative as-
trometry from the Hubble Space Telescope and the W.M. Keck Telescope. They
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calculated the oblateness of the primary (J; = —C2 = 0.244) and integrated
the equations of motion of the asteroid system over a time span of 1260 days.
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Figure 1. Changing the resonance argument o for satellites Romulus and Remus.
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Figure 2. Changing the resonance argument o for satellites Beta and Gamma.

2. Equation of motion

Let us consider an N-body problem according to Newton’s laws of motion com-
bined with the law of gravitation. Let the origin of the reference frame be at
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the centre of the Sun and the vector 7;(z;,y;,2;) define the position of the
jt"-body with mass m;. Thus, in the heliocentric reference frame the equation
of motion appears as follows:

27, ) T an~ T -
J i=1 J
N—-1
_kQ ’LT317 1=1 N7 J_lNa 2#37 (1)

2 .
where k is the Gaussian gravitational constant; €T is the total accelera-

at?
tion; k2(mg + mj)% is the acceleration of the j**-body due to the Sun;
N-1 = ’
k2> m;—.5— is the acceleration of the jt"-body due to all the other bodies
i=1 '

Ji

N—1
in the system except for the Sun; k% Y m; ?37 is the acceleration of the Sun
i=1 :
due to all the other bodies in the system; are mg is the Solar mass.
We have adopted positions of major planets from the numerical theory
DE431 (Folkner et al., 2014), because we have to take perturbations into account

caused by the major planets.

Table 1. Initial conditions for the calculation of dynamical configurations of the pri-
maries. Here, D - dimensions.

Number ast. Mass (kg) D (km) Cao Co1 Cag So1 Sa2

(87, a,b 1.478-10%°  385-262-232 -0.053 0.065 0.019 0.045 0.03
(136108)C’d 4.03-10%1 1960-1518-996 - 0.01 0.07 0.02 0.05 0.02
(15661 7)e’f 2.66-1011 0.69-0.67-0.64 - 0.013 0.083 0.001 0.08 10.02

“Berthier et al. (2014).
"Fang et al. (2012).
°Ragozzine & Brown (2009).
4Rabinowitz et al. (2006).
°Fang et al. (2011).
IBrozovic et al. (2011).

2.1. Gravitational potential

If a body’s shape is not-spherical, then the gravitational potential U can be
easily approximated using the sum of the series. One of the options is a spherical
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Figure 3. Numerical simulation of the orbital evolution of the moonlet Romulus: the
semi-major axis, eccentricity and inclination.
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Table 2. Initial conditions for the calculation of dynamical configurations of the as-
teroid moonlets. Here: Ga - geometric albedo; D - diameter.

Number Moonlet 1 Moonlet 2 Ga
asteroid Name Mass(kg) D (km) Name Mass(kg) D (km)
(87)%b-e Romulus  7.915-10'*  10.8 Remus 7.483-10'*  10.6 0.036
(136108)%¢  Hi’iaka 5.1-101° 320 Namaka  6.37-1018 160 0.663
(136617)f Beta 1.587-10°  0.113 Gamma  5.63-108 0.08 0.42

Marchis et al. (2005).
"Fang et al. (2012).
“Masiero et al. (2011).
4Rabinowitz et al. (2006).
¢Ragozzine & Brown (2009).
IBrozovic et al. (2011).

Table 3. Initial orbital parameters of the target triple asteroid systems
(http://www.jpl.nasa.gov/). Here: a - semi-major axis; P - orbital period; e - eccen-
tricity; 4 - inclination; €2 - long.ofascend.node; w - arg.periapsis; M - mean anomaly.

Orbital parameters  (87) Sylvia (136108) Haumea  (136617) 1994 CC

a (AU) 3.481808398 43.1660 1.637780212
P (years) 6.497039467 283.610 2.096001706
e 0.091145156 0.192457 0.417226647
i (deg) 10.8768036 28.191350 4.6842339

Q (deg) 73.083782 121.78801 268.603487
w (deg) 263.685494 240.4148 24.7567739
M (deg) 179.424861 208.1445 116.8774809
Epoch 2014 May 23 2014 May 23 2014 May 23

harmonic expansion. The usage of spherical harmonics results in a simple and
handy analytical formula for the gravitational potential.

As a result from the spherical harmonic expansion, the acceleration @
produced by the gravitational potential of an arbitrary body looks as follows
(MacMillan, 1930):

or " r o ? T rcosg on

Ty =VU = 2)
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Table 4. Initial orbital parameters for the moonlets of the target triple asteroid sys-
tems. Here: a - semi-major axis; P - orbital period; e - eccentricity; 4 - inclination; Q
- long.ofascend.node; w - arg.periapsis; M - mean anomaly.

Orbital (87) Sylvia® (136108) Haumea® (136617) 1994 CCe
parameters Romulus Remus Hi’iaka Namaka Beta Gamma
a (km) 1357 706.5 49880 25657 1.729 6.13

P (days) 3.6 1.4 49.5 18.3 1.2 8.4

e 0.005566  0.02721  0.0513 0.249 0.002 0.192

i (deg) 8.293 7.824 126.35 113.013 83.376 71.709

Q (deg) 92.6 94.8 206.766  205.016 59.209 48.479

w (deg) 61.06 357.0 154.1 178.9 130.98 96.229

M (deg) 197.0 261.0 152.8 178.5 233.699  6.07
Epoch 2004 Sep 01.0 2014 May 23 2009 Jun 12.0

“Beauvalet & Marchis (2014).
YRagozzine & Brown (2009).
°Fang et al. (2011).

where ., 7(;5, 5 are the unit vectors in the r, ¢, A basis;

9 o0 ! 1
U= I% ; (%) ,;0 P, (sin¢) [C),, cosnA + S) ., sinnA], (3)

where a. is the mean equatorial radius of the attracting arbitrary body; C; ,, and
Si.n are the coefficients of expansion of the attracting body gravitational field;
r,¢ and A are the coordinates in the spherical reference frame of the attracting
body; and P, ,, are the associated Legendre functions.

The coefficients C,, and S;, depend on the body’s shape and mass distri-
bution within that body; the coefficients are dimensionless. There are numerous
coefficients of the expansion calculated for the major planets, the Sun and the
Moon; for instance, the spherical harmonic model of the gravitational potential
of the Earth - EGM-2008 and Moon - LP-1201. In our model, we only used co-
efficients Csq for the aforementioned objects due to their far distance from the
primary as compared to the distance from the moonlets; the other coefficients
are negligible. It seems reasonable to use a higher order spherical harmonic ex-
pansion of the gravitational field for close approaches to planets or their moons.

When simulating the gravitational field of an asteroid, a small Solar System
body, we bee-can have adopted two approximations: the density p is constant
throughout the asteroid and the asteroid has a three-axial ellipsoid shape with
the semi-axes a,b and c.

Consider the coefficients C),, and S, of the asteroid from (Troianskyi,
2015). As the origin of the reference frame is at the centre of the body, the
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Table 5. Periods of variations in the Keplerian orbital elements orbits of the asteroid

moonlets (in years).

Number (87) Sylvia (136108) Haumea (136617) 1994 CC
periods Romulus Remus Hi'iaka Namaka Beta Gamma
Period 1: o 1.234 8.007 25.019 25.019 0.872 4.259
Period 2: a  0.225 0.609 0.458 1.118 - 0.411
Period 3: o 0.165 0.276 0.325 0.443 - -
Period 4: a  0.103 - - - - -
Period 1: e 13.710 0.609 >100 >100 0.380 >100
Period 2: e 0.193 0.276 1.168 9.099 - 21.293
Period 3: e  — 0.145 - 0.441 - 4.259
Period 4: e  — 0.113 - - - 1.599
Period 5: ¢ - - - - - 0.455
Period 1: 1 11.638 7.944 18.883 18.883 20.137  20.016
Period 2: 1 1.287 1.287 0.192 0.192 - -
Period 3: i 0.223 0.223 - — — —
Period 4: 1 0.193 0.195 - - - -
Period 1: w  5.923 6.903 0.380 0.381 10.110 20.424
Period 2: w  0.196 0.586 0.190 0.190 5.048 1.599
Period 3: w  — 0.293 - - 3.367 -
Period 1: 2  11.638 1.159 18.883 18.883 16.407  0.190
Period 2: Q  0.193 0.579 0.188 0.188 - -
Period 3: Q- 0.386 - - - -
Period 4: Q  — 0.283 - - - -

first coefficients of the gravitational field expansion are zero. If [ = 2 and n = 0,
n =1 and n = 2, then the following equations are obtained (Murray & Dermot,

2000):

= maa2’

B—A

= 2
4m pa?

__ 2C—(A+B)
T 2mpa?

)

So1 =

So0 = 57—

where A, B and C are the axial moments of inertia; D, E and F' are the cen-
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Table 6. The relationship between the orbital periods and periods of variations in the

Keplerian orbital elements (in years).

(87) Sylvia

Romulus

(136108) Haumea
Hi’iaka

(136617) 1994 CC
Beta

P14-48-P jypiter-5=-0.064
P24-1-PRomulus-23=-0.001
P34-1-PRomulus-17=-0.003
Pla-1-PRromuius-10=0.004
P1e-9-Pgy1yia-19=-0.050
P2-1-PRomuius-20=-0.004
P1;-24-Psy1piq-43=-0.056
P2;-5-Psy1piq-1=-0.064
P3;1-PRromutus-23=-0.0035
Pli 1-PRomutus-20=-0.004
P1-2-P pupiter-1=-0.016
P24 1-PRomulus-20=-0.001
P1g-24-Pgyiq-43=-0.056
P20 1-PRomuius-20=-0.004

P14-34-PHaumea 3=-0.19
P24-3-Piyitsaka-10=0.02
P3a-5-Prysrsapa-12=-0.001
Ple-2-PHaumea 1=0
P21-Ppitiape-9=-0.05
P1;15-Praumea-1=-0.36
Pg’i'2_PH7j’iak:a'3:'0'02
Plo1-Pritiope-3=-0.03
P24-2-Piitiapa-3=-0.03
P16-15-PHaumea 1=-0.36
P2-3-Piyrsapa-4=-0.02

P14-8-Pgartn-7=-0.027
Ple-5-Pprgrs-1=0.019
P1;-5-P199acc-48=0.076
P1,-8-Pprars-43=0.006
P2,-1-Pggrtn-5=0.048
P3,-5-P199acc-8=0.066
PIQ -6-P1994cC'47:-0.069

(87) Sylvia

Remus

(136108) Haumea
Namaka

(136617) 1994 CC

Gamma

P14-40-Pyypiter-27=0.026
P24-32- P yiiq-3=-0.007
P84-43-P jypiter-1=0.025
P1¢-32-Pgy1yia-3=-0.007
P2¢-43-P jupiter-1=0.025
P3¢ 1-Premus-38=-0.001
Ple-1-Premus-29=0.002

P1;-9-Psyiyia-11=0.027
P2;-5-Psy1piq-1=-0.064
P3;-29-Pgy1pia-1=-0.026
P4i-33-Psylyia-1=-0.069
P14,-16-Psy1yiq-17=-0.002
P2,-11-Pgyppiq-1=-0.047
P34,-22-Psyipia-1=-0.047
P10-28-Pgy1pia-5=-0.046
P20-41-P jypiter-2=0.027
P30-17-Psyivia-1=0.068
P40-23-Psyipiq-1=0.012

Pla-34-Praumea-3=-0.19
P24-1-PNamaka-22=0.02
P34-1-Pxamaka-9=-0.01
Ple-2-PHaumea-1=0
P2-163- PN eprune-9=0.09
P3e-1-Pyamaka-9=-0.01

P1;15-Prrqumea-1=-0.36
P2;-1-PNamaka-4=-0.01
Pl 1-Pyamaka-8=-0.02
P2, 1-Pyamaka-4=-0.01
P16-15-PHaumea-1=-0.36
P2G-37-PNamake-4=-0.01

P14-1-Piggacc-2=0.067
P24-5-Prggscc-1=-0.042
P2-3-Pyrors-34=-0.068
P3c-1-Piggacc-2=0.067
PJe-5-Pgari-8=-0.005
P5¢-2-Prarsn-1=-0.091
P1;-1-Pgarn-20=0.016

le -4—P1994cc-39:—0‘046
P2,-5-Pgarth-8=0.005
P16 1-PGamma-8=0.006
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Figure 4. Numerical simulation of the orbital evolution of the moonlet Romulus: the
argument of perihelion and the longitude of the ascending node.

trifugal moments of inertia and m4 is the asteroid mass.

Changes in the Keplerian orbital elements from this effect are described by
the authors in an earlier work (Troianskyi, 2015).
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Figure 5. Numerical simulation of the orbital evolution of the moonlet Remus: the
semi-major axis, eccentricity and inclination.
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Figure 6. Numerical simulation of the orbital evolution of the moonlet Remus: the
argument of perihelion and the longitude of the ascending node.

2.2. Perturbations due to the tidal deformation of the primary com-
ponents

As a result of the gravitational attraction of an asteroid moonlet, every element
of the primary is exposed to the gravitational force which causes tidal defor-
mation of the primary. Due to this deformation the asteroid gravity changes,
which results in the emergence of additional forces with additional gravitational
potential:

G 5
E)Tide - %PQ (COS 6)7 (6)

ASt

where mg; is the mass of the asteroid’s moon; 7 4; is the vector of the moon’s
position relative to the asteroid and 6 is the angle between direction on the
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Figure 7. Numerical simulation of the orbital evolution of the moonlet Hi‘iaka: the
semi-major axis, eccentricity and inclination.
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Figure 8. Numerical simulation of the orbital evolution of the moonlet Hi‘iaka: the
argument of perihelion and the longitude of the ascending node.

satellite and the tidal hump. In our case, the angle § = 0°, which results in
cosf) =1 = Py(cosf) =1 ; then, equation (6) can be written as follows:

Gmga®
Drige = ISl ™
ASt

2.3. Perturbations due to the effect of solar radiation pressure

In the theory of motion of asteroid moons, the solar radiation pressure exerted
upon their surfaces should also be taken into account. To this end, we have
used decomposition of the solar radiation pressure induced acceleration ar,
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Figure 9. Numerical simulation of the orbital evolution of the moonlet Namaka: the
semi-major axis, eccentricity and inclination.
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Figure 10. Numerical simulation of the orbital evolution of the moonlet Namaka: the
argument of perihelion and the longitude of the ascending node.

(Martyusheva et al., 2015):

4 S A ?St
Trp=(1420) g—w (LA ) _Tst_ g
t (+9>qut (|?St|>?5t| ®)

where § is the geometric albedo; ¢ = 4.5605-10~% N m™2 is the solar constant; S
is the cross-sectional area of the asteroid moon; ¥ is the shadow function which
will be discussed in detail below; r4 is the distance between the asteroid and
the Sun and 7 g is the vector of the asteroid moon position relative to the Sun.

Changes in the Keplerian orbital elements from this effect are described by
the authors in an earlier work (Troianskyi & Bazyey, 2015).
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Figure 11. Numerical simulation of the orbital evolution of the moonlet Beta: the
semi-major axis, eccentricity and inclination.
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Figure 12. Numerical simulation of the orbital evolution of the moonlet Beta: the
argument of perihelion and the longitude of the ascending node.

2.4. Shadow function

Equation (8) includes a shadow function. Let us examine in more detail how this
function is calculated in our model. Ferraz-Mello introduced the term shadow
function ¥ (Ferraz-Mello, 1972). This function is equal to 1 when the asteroid’s
moon is illuminated by the Sun, and it is equal to zero when it is in shadow. To
a first approximation the shadow is reckoned to be cylindrical in shape.

In our model the shadow is supposed to be cone-shaped (Troianskyi &
Bazyey, 2015), which enables to more accurately determine the instants of the
asteroid moon entries into and exits from the shadow. Thus, the shadow function
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Figure 13. Numerical simulation of the orbital evolution of the moonlet Gamma: the
semi-major axis, eccentricity and inclination.
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Figure 14. Numerical simulation of the orbital evolution of the moonlet Gamma: the
argument of perihelion and the longitude of the ascending node.

for the cone-shaped shadow looks as follows:

<
[ v
<
I8}
kv
-

2
oo 0 i + - =0, o)
= F
Loif T3+ - =1,

where a., b., c. are the axes of the shadow cone; xs¢, ys¢, zs: are the asteroid
moons coordinates in the asteroid-centric Cartesian coordinate frame.

The model can also factor in variations in the size and shape of the shadow
projected onto the asteroid.
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2.5. Numerical integration of equations of motion

We have integrated equation of motion (1) with allowance for the non-sphericity
of the attracting bodies and the effect of solar radiation pressure on the asteroid
moons in the Cartesian coordinate frame.

The Everhart method (Everhart, 1974) is currently the standard method
for the numerical integration in celestial mechanics. We have used the Everhart
15"~ order method (Bazyey & Kara, 2009) for the numerical integration of the
equations of motion.

When numerically integrating equations of motion, the verification of the
model or the so-called integration step size control must be performed. The
verified solution of our numerical model, which does not exceed 10~%m, has
been obtained by the methods of double step-size forward-backward integration
of the equations of motion over a time span of 100 years with a time step of 30
seconds.

Using the conservation-of-energy law, we can set down the following: in a
closed-loop N-body system the sum of kinetic (7') and potential (U) energies is
constant

T — U = const; (10)

then, we can use this condition as a criterion of the numerical model stability.
For ease of use, let us write down the equation as follows:

N ’ N ’ N ’
L D MiT; 2 > My, \ 2 > Mz 2
2 4 ! M ¢ M ¢ M

N N

—GZZ% = const, (11)

r
i=1j=1 Y

N
where M = Y m; and i # j.
i=1

7

3. Verification and validation of the model

There were almost 330 asteroids and trans-Neptunian objects with two or more
discovered moons known at the moment of writing this paper (http://www.john-
stonsarchive.net /astro/asteroidmoons.html). We have selected (136617) 1994
CC, (87) Sylvia and (136108) Haumea, which are triple asteroid systems; all
six independent Keplerian orbital elements (Table 2), as well as masses and
diameters (Table 4) of the moons in these asteroid systems determined with
reasonable accuracy, are available to date.
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At first, applying initial conditions to one of the primaries (Tables 1 and
Tables 3) we compute its heliocentric coordinate. Then, we go to the asteroid-
centric reference frame to examine the motion of asteroid moons there, with
considering earlier described indignation (Sections 2.1-2.4).

Figs. 3-14 show the plotted variations in the selected orbital elements, such
as the semi-major axis, eccentricity, inclination, argument of perihelion and the
longitude of ascending node, for the target asteroid systems. The numerical
simulations of the orbital evolution for the asteroid moonlets Romulus, Remus,
Hi’iaka, Namaka, Beta and Gamma are presented in Figs. 1-6, respectively.

3.1. Periodogram analysis

Periodic variations have been detected in all orbital elements. The main periods
of orbital variations (Table 5) have been computed using the MCV software
package (Andronov & Baklanov, 2004).

The periods of some orbital-element variations of the moonlets within each
asteroid system are very similar, which may be due to the exposure to one
and the same effect; hence, the moonlets in the asteroid systems (136617) 1994
CC and (87) Sylvia are in orbital resonance (Troianskyi, 2016), while those in
(136108) Haumea are approaching it.

Table 6 presents the relationship between the variations in the Keplerian
orbital elements and barycentric orbital periods of the asteroid systems (given
in Table 3), asteroid moonlets (given in Table 4) and the closest major planets,
namely the Earth (365.256 days), Mars (686.980 days). Jupiter (4332.589 days)
and Neptune (60189.0 days) (http://nssdec.gsfc.nasa.gov/planetary/factsheet/).
We found out that the periods of variations in the Keplerian orbital elements,
for which the relationship with the barycentric orbital periods of the asteroid
systems can be expressed as small integers, result from the approach to the Sun
when following elliptical orbits. Those periods of variations in the Keplerian
orbital elements, for which the relationship with the orbital periods of the as-
teroid moonlets can be expressed as small integers, result from the approach of
the moons to the non-symmetric primary body when following elliptical orbits.
Those periods of variations in the Keplerian orbital elements, for which the re-
lationship with the orbital periods of the closest major planets can be expressed
as small integers, result from the periodic approaches to these planets.

As it was mentioned above, some periods of the variations of the Keple-
rian orbital elements of the asteroid moonlets are similar, which may be due
to the exposure to one and the same effect; the causes of such similarity can
be deduced from Table 6. In the asteroid system (87) Sylvia, for the moon-
let Romulus Period 2, = Period 2, which is the result of its orbital motion;
Period 1; ~ Period 1 is the result of the simulated orbital motion of the as-
teroid system (87) Sylvia, while Period 2, = Period 1, is the same as for the
moonlet Remus; and the relationship Period 3, ~ Period 2, resulted from the
periodic approaches to Jupiter. The variations of the orbital inclinations for
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both asteroid moonlets have equal periods Period 2;, Period 3; and Period 4;.
Period 2; resulted from the orbital motion of the asteroid system, while the
other periods of variations are correlated to the orbital motion of its moonlets.
The moons in the asteroid system (136108) Haumea show noticeable variations
with long and short periods, and as it can be seen from Table 5, there are
equal periods of variations in each Keplerian element of these moons. Period 1,,
Period 1., Period 1; and Period 1¢ correspond to the variations with long periods
due to the orbital motion of the asteroid system (136108) Haumea. The identi-
cal Period 2;, Period 1,,, Period 2, and Period 2¢ correspond to the short-period
variations in the Keplerian orbital elements which depend on the orbital motion
of the asteroid moons. In the asteroid system (136617) 1994 CC, such similarity
of the variations in the Keplerian orbital elements have only been found for the
moon Gamma: Period 1, =~ Period 3. resulted from the orbital motion of the
asteroid system (136617) 1994 CC, while Period 4, =~ Period 2, is due to the
periodic approaches to the Earth.

A different number of similarities of variations in the Keplerian orbital ele-
ments of the moonlets in different asteroid systems can be associated with their
position in the Solar system. In (87) Sylvia and (136617) 1994 CC there are
more perturbations emerged by the motion of the moons as compared to those
in (136108) Haumea.

We also detected secular variations in the argument of perihelion and the lon-
gitude of ascending node for the moonlets Romulus and Remus; in the argument
of perihelion for the moonlets Hiiaka and Namaka; in the eccentricity, argument
of perihelion and the longitude of ascending node for the moonlet Beta; and in
the inclination, argument of perihelion and the longitude of ascending node for
the moonlet Gamma.

As a consequence, we can see variations in the Keplerian orbital elements
(Table 5), which are typical for all bodies in the Solar system. Secular varia-
tions in the major planets are already known (Murray & Dermot, 2000); and
a similar pattern can be seen in the asteroid systems-there are secular varia-
tions, variations of mid-term duration and those with shorter periods due to
relatively smaller masses of these asteroid systems. These are compared to the
major planets.

3.2. Resonances in asteroid systems

One of the authors calculated resonances in asteroid systems in their earlier
work (Troianskyi, 2016).

For (87) Sylvia and (136617) 1994 CC, calculated orbital resonance between
their moons is given by equations (12). If the orbital periods of two moons of
an asteroid are related by a ratio of small integers, such moons are in orbital
resonance.

3+ Promutus — 8 * Premus = 0,

7 PBeta -1 PGaana ~ 0. (12)
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The fact that satellites an in resonance indicates that the system was formed
over a long time.

To give the proof, one has to calculate the so-called resonance angle or
resonance argument o, which equals (Murray & Dermot, 2000):

O':nl'/\2*%2')\14‘(712*”1)'-[/1; (13)

where ny and ng are integers (appearing also in Eq.(12)), A; and A2 are mean
longitudes of the first and second moons, respectively, and L is the longitude
of pericenter of the first moon.

A=M+w, (14)
where M is anomaly, w is the argument of pericenter (Table 4).
Ly =+, (15)

where w; and ; are the argument of pericenter and longitude of ascending
node (Table 4), respectively, of the first moon.

The angle o varies, over a long period, in an interval smaller than 360 degrees
for Romulus and Remus (Figure 1) and Beta and Gamma (Figure 2). It means
that the Romulus is in 8:3 mean-motion resonance with the Remus and Beta is
in 1:7 mean-motion resonance with the Gamma (this is the proof of the existence
of resonance).

4. Conclusion

A numerical simulation model for the investigation of specific features of the
orbital evolution of binary and multiple small-Solar-system-body systems which
accounts for the force of gravitational attraction of the Sun and major planets,
non-sphericity of the model components, as well as solar radiation pressure with
allowance for the shadow function, has been developed.

The verification and validation of the simulation model have been performed
for the asteroid systems (136617) 1994 CC and (87) Sylvia. The variations in
the Keplerian orbital elements obtained over a time span of 100 years do not
contradict those reported by other studies. Secular variations in some Keplerian
orbital elements of the asteroid moons have been found. The values of periodic
variations for all orbital elements have been calculated and their causes have
been shown. Identical periodic variations in the Keplerian orbital elements of
one and the same asteroid moon have also been detected.

The first five expansions of the gravitational field (Cag, Ca1, Cas, Sa1, S22)
have been calculated for the primary bodies in the asteroid systems (Table 1).
Not all the values obtained are consistent with the earlier results of other au-
thors, which may be due to the difference in the initial parameters (the authors of
the article use newer data) and in the methods and techniques for their determi-
nation (the authors of the article take more gravitational and non-gravitational
corrections in the theory of motion).
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