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ABSTRACT. It is found that there exist 4 variants of dependence of the
height of a mﬁximum of 11-year cycles on the length of their ascending branch
(2 for even and 2 for odd cycles). This permits the pairs of "even-odd" cycles
to be classified according to the character of this dependence for the members
of a pair. A solving rule has been constructed which permits the determination
of the pair type from ascending branch lengths of the members of a pair. From
a knowledge of cycle extrema epoch, the cycle heightsare derivable on the ba-
sis of the regularities obtained. In such a way, the behaviour of the solar
activity level during the 16th and 17th centuries has been reconstructed. The
realization obtained of a duration of nearly 480 years suggests that the "so-
lar cycle" dynamical system is either a strange attractor or a spirally-chaotic
attractor.

HIACCUOMKAIMA MAP LMKJIOB IO TWILY CBA3W "BHCOTA LUMKIA - JJMHA BETBH POCTA"
! PEKOHCTPYKIA M3MEHEHMZ YPOBHA COJHEYHOM AKTMBHOCTY B 16 M I7 BEKAX. OGuapy-
XEHO, YTO cymecTByeT 4 BapuaHTa 3aBUCHMOCTE# BHCOTH MakcMMyMa II - JNeTHMX LMK-
JOB OT MPONONKUTENbHOCTH WX BeTBM pocTa (2 nNA YEeTHHX U 2 ANA HEUeTHHX LMUKJIOB).
910 nosponfeT KJaccUPULMPOBATH MAPH LWMKIOB "UeTHHHA-HEUETHHA" B COOTBETCTBUH C
XapaKTepoM yK83aHHO# 3aBMCHMMOCTH y UJEHOB napu. [locTpoeHo pemamrmee MpPaBUJIO,
Nno3BoJANMEE ONpeleNdTh TUI MapH N0 NAAHaM BeTBell pocTa UJIEHOB Napu. SHafd 3M0XH
3KCTPEMYMOB LIMKJIOB; H& OCHOBE HalileHHHX 3aKOHOMepHOcTe#t MOXHO HalT¥ BHCOTH LUK-
JgoB. TakuMm MyTeM BOCCTEHOBNEH XON YPOBHA cOMHeuHo# axTuBHOCTH B 16 M I7 Bekax.
llocTpoeHHas peanu3alUa MPONOJXUTENBHOCTEL mouTu 480 JeT paeT BOBMOXHOCTb CUH-
TaTh, UTO OUHEMHUECKaA cUcTeMa "COJHEUHHH LMKA" SABIAETCA JAMG0 CTPaHHHM aTTpaK-
TOPOM, JUGO CHUPANbHO-XAO0THUECKAM ATTPEKTOPOM.
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KLASIFIKACE PARU CYKLU PODLE TYPU ZAVISLOSTI "V{SKA CYKLU-DELKA VETVE
RUSTU" A REKONSTRUKCE ZMEN CROVNE SLUNEGNT GINNOSTI V 16. A 17. STOLETT. Bylo
zjisté&no, Ze existuji 4 varianty zavislosti v§Sek maxima 11-letych cyklda na
aélce v&tve ristu (2 pro sudé a 2 pro liché cykly). To umoZnuje klasifikovat
pPary cykld (sudy-lichy) podle charakteru této zavislosti u dlemi paru. Je od-
vozeno zikladni pravidlo, které umoZnuje urdit typ paru podle délky vétvi ris-
tu 8lent paru. JestliZe znéme extrémy cykld, mifeme najit vySku cykld na zékla-
d¥ t&chto zdkonitosti. Timto zpisobem b};l rekonstruovan prab&h ‘rovng slunedni
$innosti v obdobi 16. a 17. stoleti. ObdrZeni realizace v délce okolo 480 1let
ukazuje, %e dynamicky systém "slunedni cyklus" je bud divny nebo spirdlnd-
chaoticky atraktor.

The fundamental property of the 1l-year solar activity cycles is the in-
verse relation between the cycle height Wﬂ and the duration of its ascending
branch Tﬂ: the higher the cycle, the shorter its ascending branch. Waldmeier
(1935) found an empirical formula describing this relation and ascertained
that coefficients of this formula are different for even and odd cycles. Chis-
tyakov (1959) discovered that each of these relations divides into two: the
correlation between Wﬁvand T§ for even and odd cycles may be represented in
each case by two linear expressions (two almost parallel lines on the plot)
but this conclusion was not proved sufficiently because the data sample were
small.

We were able to show (Kuklin, 1985a) that there really exist 4 variants
of the relation

N
wﬂ_u-pTA _
which corresponds to cycles of types A,B,C and D wé introduced, and that the
reliability of this conclusion exceeds 0.90 (Fig.1).

In particular,

o, = 239.4, o o = 201.5, o = 331.1 o = 292.0,
B A= 2779, F’B=25'87’ Pc:‘uo.n, pp = 46.10,
TA = -0.993, Ty = -0.995, ry = -0.987, rp = -0.986.

Here r is the linear correlation coefficient. The source data are given in
Table 1 where the cycle types are also shown.

If we form cycle pairs of the "even-odd" kind, we find that our sample
contains 4 pairs of the AC type, no pairs of the AD typé, 1 pair of the BC ty-
pe and 5 pairs of the BD type. Let us designate the duration of the ascending
branch of the preceding even cycle in each pair as TA and of the following
odd one as TX. In Fig. 2, which shows 10 points representing all pairs in the
mentioned coordinates, it is not difficult to see that there is a dividing li-
ne for the pairs with preceding cycles of the A and B types, as well as with
following cycles of the C and D types. The discrimination functions which enab-
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Fig. 1 The relationships between the cycle height WM and ascending branch
duration T, for even(a) and odd(b) cycles.

le the cycle pairs to be classified by the values TJ; and TK have the following

forms (Kuklin, 1985b)

Q’ 0.821 Tl; - 0.571 T} =~ 0.869,
Q’ = 0.730 Tl; - 0.685 T§ - 0.23h4.
Q’< 0 for cycles of the A type, Q>0 for cycles of the B type,
Q"< 0 for cycles of the C type and Q"> O for cycles of the D type.
Cycles 20 and 21 do not satisfy the variants of the WM(TA) relation.
The analysis has shown that this pair rather belongs to the BC type but in
this case it is necessary to suppose that systematic errors have been made in
estimating accepted values of WM and TM for these cycles (Kuklin, 1985b).
Let us designate the cycle pair in which the preceding even cycle is lo-
wer than the following odd one as G and the cycle pair the preceding even cyc-
le is higher than the following odd one as F. The analysis of the 2x2 contin-
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Fig. 2 The classification of the cycle pairs according to the ascending
branch durations of the preceding even cycle T; and the following
odd one T). Straight lines correspond to Q’= 0 (solid) and Q"=O(dashed).

Table 1

N, Ty Tx ¥ig NOT, Ty Ty Yy

0 - 1745.0 1750.3 5.3 92.6 A 11 1867.2 1870.6 3.6 140.5 D
1 1755.0 1761.5 6.3 86.5 C 12 1878,9 1883.9 5.0 74.6 B
2 1766.5 1769.7 3.2 115.8 B 13 1889.6 1894.1 4.5 87.9 D
3 1775.5 1778.h4 2.9 158.5 D 14 1901.7 1907.0 5.3 64,2 B
L 1784.7 1788.1 3ok 41,2 A 15 1913.6 1917.6 4.0 105.4 D
5 1798.3 1805.2 6.9 k.2 C 16 1923.6 1928.4 4.8 78.1 B
6 1810.6 1816.k4 5.8 48.7 B 17 1933.8 1937.4 3.6 119.2 D
7 1823.3 1829.9 6.6 71.7 C 18 194k.2 1947.5 3.3 151.8 A
8 1833.9 1837.2 3.3 146.9 A 19 1954.5 1957.9 3.4 201.3 C
9 1843.5 1848.1 4.6 131.6 C 20 1964.8 1968.9 4.1 110.6 ?
10 1856,0 1860.1 Lot 97.9 B 21 1976.5 1980.0 3.5 164.5 2

gency t;\,‘:}les (Upton, 1982) in order to establish the relations between the pair
types and their properties yielded the following results. The combination rule
AC/BD is non-stochastic with its reliability equal to 0.978 (the cycle pair
20-21 was considered to be BC). At the same time, the non-stochastic relation
AF/BG exists with reliability equal to 0.9928. But the relation with the odd
cycle type is expressed more weakly. The reliability of it being mon-stochastic
is 0.934. It looks as if the character of the pair is determined to a large
degree by the preceding even cycle. The alternation rule of pairs with property
G/F has been established recently (Kuklin, 1984).

The results obtained above are based on a small data sample, but more suf-
ficiently reliable and homogeneous and also extended data are not available.
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Table 2

NooT Ty T Wy NooT Ty T ¥y
-22 1501.5 1506.5 5.0 B 721 -11 1620.2 1625.8 5.6 C 106.5
-21 1514.,2 1517.7 3.5 D 130.6 ~10 1633.7 1639.3 5.6 B 56.6
-20 1524,7 1528.2 3.5 B 110.9 -9 1645.5 1650.8 5.3 D L7.6
-19 1534,3 1537.4 3.1 D 149,0 -8 1655.5 1661.0 5.5 A 86.6
-18 1543.7 1547.4 3.7 B 105.8 -7 1666.7 1673.5 6.8 C 58.3
=17 1554.,5 1558.3 3.8 C 178.6 -6 1679.5 1685.0 5.5 B 59.2
-16 1567.7 1571.3 3.6 B 108.3 - -5 1689.5 169k4.5 5.0 D 61.4
-15 1578.4 1581.,5 3.1 D 149.0 -4 1699.0 1705.7 6.5 B 33.3
-14 1587.2 1593.8 6.6 B 30.7 -3 1712.5 1718.2 5.7 D 29,2
~-13 1598.8 1604.4 5.6 D 33.8 -2 1723.5 1727.5 L,0 A 128.3

B 61.8 -1 1734.,0 1738.7 h,7 ¢ 1h2.6

-12 1608.9 1614.3 5.4

However, our conclusions are supported by the fact that our consideration is
based on the fundamental Hale law of magnetic field polarity alternation ac-
cording to which the cycles should combine into pairs with undoubted causal
relations of a physical nature.

We shall attempt to use the regularities we have found to recomnstruct the
solar activity changes in the historical past which are necessary if its me-
chanism is to be studied over long time intervals. This problem is similar to
the problem of forecasting solar activity. One finds values of solar activity
using the regularities established for reiatively shﬁrt time intervals (in this
particular case the Zurich data only cover 280 years) and by extrapolating them
into the past or the future. However, the reconstruction, only in rare cases as
distinct from the forecast, may be verified with the help of indirect data be~
cause direct observations in the past are practically absent.

We have used Schove’s data (1979) on the extremum epochs of 11-year cyc-
les in the 16-th and 17-th centuries. After estimating the durations of the
ascending branches of the cycles from -22 to -1 and combining the cycles into
pairs, we determined the pair types and found the cycle heights using the re-
lation WM(TA) and taking into account the determined types of cycles. The re-
sults are given in Table 2 and Fig. 3.

Our computations agree with the estimates of Chistyakov (1985) satisfacto-
rily at the qualitative level and in some cases at the quantitative level. This
was to be expected in as much as both methods in the end are based on the same
regularity but the inmer accuracy of our results for cycles 0-19 is much hig-
her. But the comparisons with the radiocarbon method data lead to a worse agre-
ement. However, the very calibration of the radiocarbon method on the Wolf num-
ber- scale is somewhat vague because of several difficulties connected with sys-
tematic errors (due to opposite signs of the galactic and solar cosmis rays ef=-
fects) and needs a special analysis.

Now when all 22 cycle pairs are considered, the conclusions about the
non-stochastic combinations of cycles become more valid: for combination AC/BD
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Fig., 3 The lower part - the W, variation in the years 1500-1980 (solid line)

M
and the result of its smoothing in order to eliminate the pair effect
(dashed line). The upper part - the A(WM)22 variation (deviations
from the smoothed WM). Labels F correspond to pairs of the F type

when the preceding cycle is higher than the following ome.

the reliability is equal to 0.9984, for combination AF/BG to 0.9889 and for
combination DG/CF to 0.779. These figures may be overestimated since, in com-
puting Wﬁ, we relied upon the cycle grouping into pairs, nevertheless, the re-
sults argue in favour of the reality of the pairs and the principal role of
preceding cycles in pairs. This throws some doubt on Rivin’s statement (1985)
that in periods of low solar activity (the Maunder minimum), the cycles are
not organized in pairs. The upper part of Fig. 3 shows the variation A(WM)22
from which it follows that an apparent decrease of the variation amplitude may
take place even at a comparatively high level of solar activity.

It is interesting to study the envelope of the 11-year cycle peaks during
the time interval covering 480 years (1500~1980). We have approximated this
curve by a cubic spline and computed its derivative. Also the phase trajectory
was plotted (Fig.h). It is seen clearly that the phase trajectory has at least
two foci around which the representative point moves along diverging or conver-

ging spirals. From time to time quasi-stochastic jumps occur from one region
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Fig. 5 The modification of the phase trajectory using the smoothed WM values
and the cycle number as an argument. Designations are the same as in
Fig.4, Asterisks mark changes of the G/F pair types and they lie on
the straight line (dash-dot).

to the other. The whole pattern resembles the behaviour of the phase trajecto-
ry of a spirally chaotic or strange attractor (Gilmore, 1984) if the phase spa-
ce is viewed from a direction which does not coincide with the coordinate axes.

If the cycle number is used instead of real time argument and the cycle-
pair effect is eliminated by smoothing, the curve of the phase trajectory type
has a similar appearance (Fig.5). In this case it is possible to earmark points
corresponding to the changes of the pair types or to the beginnings of phase ca-
tostrophes (Kuklin, 1982). It is remarkable that these points practically lie
on a straight line, starting from the coordinate origin and interesecting the
phase trajectory at the fixed phase after recurrent maximum of the curve smo-
othing WM' T?erefore, the anomalies may be generated at the fixed phase of a
quasi-secular or long cycle of solar activity: this is what occurred in 5 of
the 6 cases of intersections., The last seventh intersection is on the decreas-
ing branch of cycle 19 and, perhaps, this is what led to a violation of some
regularities for cycles 20-21,

614

© Astronomical Institute of the Slovak Academy of Sciences ¢ Provided by the NASA Astrophysics Data System



REFERENCES

Chistyakov V.F.: 1959, Byull. VAGO No 25, 12,
- : 1985, Soln. dannye No 8, 73.
Gilmore R.: 1984, Prikladnaya teoria katastrof, T.2, Moskva, Mir, 285p.
Kuklin G.V.: 1982, Preprint SibIZMIR No 8-82.
- : 1984, Issl. po geom., aeron. i fiz. Solntsa, vyp. 72, 65.
- : 1985a, Soln. dannye No 10, 66.
- : 1985b, Soln. dannye No 11, 57.
Rivin Yu.R.: 1985, Issl. po geom., aeron. i fiz. Solntsa Vyp.68, 45.
Schove D.J.: 1979, Solar Phys. 63, 423.
Upton G,: 1982, Analiz tablits sopryazhennosti, Moskva, Finansy i statistika,
144p,
Waldmeier M.: 1935, Astr. Mitt. Zurich No 133, 105.

615

© Astfonomical Institute of the Slovak Academy of Sciences * Provided by the NASA Astrophysics Data System



